Simulating Dirac Hamiltonian in Curved Space-time by Split-step Quantum
  Walk by Mallick, Arindam et al.
Simulating Dirac Hamiltonian in Curved Space-time by Split-step Quantum Walk
Arindam Mallick,1, 2, ∗ Sanjoy Mandal,1, 2 Anirban Karan,1, 2 and C. M. Chandrashekar1, 2, †
1Optics and Quantum Information Group, The Institute of Mathematical Sciences,
C. I. T. Campus, Taramani, Chennai 600113, India
2Homi Bhabha National Institute, Training School Complex, Anushakti Nagar, Mumbai 400094, India
Dirac particle represents a fundamental constituent of our nature. Simulation of Dirac particle
dynamics by a controllable quantum system using quantum walks will allow us to investigate the non-
classical nature of dynamics in its discrete form. In this work, starting from a modified version of one-
spatial dimensional general inhomogeneous split-step discrete quantum walk we derive an effective
Hamiltonian which mimics a single massive Dirac particle dynamics in curved (1 + 1) space-time
dimension coupled to U(1) gauge potential—which is a forward step towards the simulation of the
unification of electromagnetic and gravitational forces in lower dimension and at the single particle
level. Implementation of this simulation scheme in simple qubit-system has been demonstrated.
We show that the same Hamiltonian can represent (2 + 1) space-time dimensional Dirac particle
dynamics when one of the spatial momenta remains fixed. We also discuss how we can include
U(N) gauge potential in our scheme, in order to capture other fundamental force effects on the
Dirac particle. The emergence of curvature in the two-particle split-step quantum walk has also
been investigated while the particles are interacting through their entangled coin operations.
I. INTRODUCTION
Quantum walk, an effective algorithmic tool for simulating quantum physical phenomena where classical simulator
fails or when the computational task is hard to realize via classical algorithm, has been shown to be very useful for
realization of universal quantum computation [1–3]. The similarity between discrete quantum walk (DQW) and the
dynamics of Dirac particles [4–12], at the continuum limit, elevates the DQW as a potential candidate to simulate
various phenomena where the Dirac fermions play a crucial role [13–15]. With advancement in field of quantum
simulations where many quantum phenomena are mimicked in table-top experiments, algorithmic schemes which
can simulate Dirac particle dynamics in quantum field theory has garnered considerable interest in recent days.
Simulation of Dirac particle dynamics in the presence of the external abelian and nonabelian gauge field by DQW has
been recently reported [16, 17]. Other recent works [18, 19] investigated the inhomogeneous DQW that mimics the
Dirac particle dynamics under the influence of external gauge-potential and curved space-time as a background. Two-
step stroboscopic DQW with space-time dependent U(2) coin operator was used to produce gravitational and gauge
potential effect in single Dirac fermion, but their approach was unable to capture mass, gravity and gauge potential
in one Hamiltonian [18, 19]. A generalized single particle Dirac equation in curved space-time was derived from a
special DQW—grouped quantum walk (GQW)—which needs prior unitary encoding and decoding at last [20–22].
DQW with SU(2) coin operator parameters which are spatially independent but depend randomly on time-steps, has
also been studied in the context of random artificial gauge fields [23]. The randomized coin parameters which mimic
random gravitational and gauge field act as transition knobs from non-classical probability distribution to classical
probability distribution. A DQW with a single evolution step which contains four spatial shift operations—mimics the
Dirac evolution under influence of gravitational waves in (2 + 1) dimension—was also recently reported in ref. [24]. In
ref. [25], it is shown that the SS-DQW, where the coin parameters are space and time-step independent, can capture
properties of the discretized Dirac particle dynamics in flat (1 + 1) dimension, while conventional DQW is unable to
capture all properties of it. This motivates us to generalize the SS-DQW operation and study the consequences of it.
In this paper starting from a slightly modified version of the single-step split-step DQW (SS-DQW) [26] whose
coin operators are time and position-step dependent (inhomogeneous both in time and position space), we derive a
SS-DQW version of the (1 + 1) dimensional massive Dirac particle Hamiltonian under the influence of the U(1) gauge
potential in curved space-time. This scheme is realizable in various physical table-top system as the SS-DQW has
been proposed and successfully implemented in various systems like cold atoms [27], superconducting qubits [28, 29],
photonic systems [30, 31]. Our scheme can also describe the (2 + 1) dimensional Dirac Hamiltonian in curved space-
time when one component of momentum of the particle remains fixed. We provide realization of our simulation scheme
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2using qubit systems. This scheme doesn’t require any prior encoding or decoding, nor it demands extra conditions
on the coin parameters in order to satisfy the boundedness (well-defined eigenvalues) of the generator which is the
effective Hamiltonian in our case, i.e. the unitary operator should start evolution from identity while the parameter
of the corresponding lie group evolves from zero to a nonzero real value. Our coin operations are general U(2) group
elements in coin-space. After considering all the terms up to first order in time-step size τ and position-step size a
we have derived the effective Hamiltonian. While considering higher dimensional quantum system, i.e., qudit instead
of qubit system, our scheme will capture more general background U(N) gauge potentials as done in ref. [16]. The
modification of the evolution operator from the conventional SS-DQW evolution operation is not contradictory with
the result obtained in ref. [25]. In the refs. [32, 33] cold-atom implementation of Dirac particle dynamics in curved
space-time has been discussed, but their approaches started by discretizing Hamiltonian or Lagrangian, while in our
case we started from unitary evolution operator discretized in space-time.
We extended our study for the two particle case following the same procedure that we have taken for the single
particle case. Extension of single-particle DQW with entangled coin operation has been previously studied [34–36].
Two-particle quantum walk under position dependent or independent coin operations which are separable in their
coin degrees of freedom, has been investigated [37–42]. Here we study a two-particle coined SS-DQW whose coin
operations are both position and time dependent and entangled in coin degrees of freedom of the individual particle—
the interaction comes solely from the coin operations, while no interaction among the particles is present via their
spatial shift operations. We choose a particular kind of entangled coin operators to demonstrate how the curvature
and entanglement in coins enter into the two-particle Hamiltonian. The existence of discrete space-time steps may
help us to study the Planck scale physics [43, 44]. But in that case simulation of SS-DQW by two-period conventional
DQW [31, 45] is not feasible, because of the existence of the fundamental (strictly constant) length scale.
This paper is organized as follows. In section II, we describe how an effective Schrodinger like equation can be derived
from the standard Dirac equation in curved space-time. In the next section III we will describe the conventional form
of SS-DQW whose coin operation depends on both space and time steps. In section IV, we describe our modification
to the SS-DQW and derive the effective Hamiltonian. Section V describes a special choice of coin operations that will
produce a Hamiltonian in (1 + 1) dimensional curved space-time with special metric and gauge potential, we have
also describe how we can capture (2 + 1) dimensional Dirac particle dynamics by looking at the (1 + 1) dimensional
version of the derived Hamiltonian. In section VI we demonstrate the implementation scheme in qubit system. In
section VII we discuss one possible way to include U(N) gauge potential effect in our scheme. In section VIII we
extend our single-particle (1 + 1) dimensional SS-DQW scheme to a two-particle case. We concluded with remarks in
section IX.
II. EFFECTIVE HAMILTONIAN CORRESPONDING TO THE STANDARD DIRAC EQUATION IN
CURVED SPACE-TIME
The general curved space-time Dirac equation [46, 47] is written as(
i~eµ(a)γ
(a)∇µ −mc2
)
ψ = 0, (1)
where the covariant derivative ∇µ=∂µ + Γµ; while in presence of U(1) gauge potential, ∇µ=∂µ + Γµ − iAµ, γ(a)
are local γ matrices and satisfy the conditions:
{
γ(b), γ(d)
}
= 2η(b)(d)× Identity matrix. In general, for (1 + 1)
and (2 + 1) dimensions the γ matrices can be expressed in terms of the conventional Pauli matrices—{σ1, σ2, σ3}
like: γ(0) = ~n.~σ, γ(1) = i~n⊥.~σ are chosen in such a way that the sign-convention of the flat space-time metric:
η(0)(0) = 1, η(0)(1) = η(1)(0) = 0, η(1)(1) = −1 will be obeyed, where ~n and ~n⊥ are mutually orthonormal. The identity
matrix in this case will be expressed as σ0. The torsion-free and metric compatible connection is defined as
Γµ = − i
4
S(c)(d)e
(c)ν
(
∂e
(d)
ν
∂xµ
− Γλµνe(d)λ
)
, where Γσλµ =
1
2
gνσ (∂λgµν + ∂µgλν − ∂νgµλ) , (2)
and S(c)(d) are the flat spinor matrices defined as S(c)(d) =
i
2 [γ(c), γ(d)]. Aµ are the external U(1) gauge potentials
which themselves carry the coupling strength. eµ(b) are the vielbeins, which relate the local and global co-ordinates.
The metric is defined as gµν = eµ(b)e
ν
(d)η
(b)(d).
Now after using some relations of local γ(a) matrices (see Appendix A for detailed derivation), it is possible to write
the above eq. (1) as follows,
i~
2
γ(a)
[{
eµ(a),
(
∂
∂xµ
− iAµ
)}
+ eρ(a)Γ
µ
µρ
]
ψ +
i~
2
γ(a)γ5B(a)ψ = mc2ψ, (3)
3where
B(a) = 1
2
(a)(b)(c)(d)e
(b)µe(c)ν
∂e
(d)
ν
∂xµ
.
For (1 + 1) and (1 + 2) dimensions (a)(b)(c)(d) is always zero, so B(a) = 0. Then it is possible to write the eq. (3)
in standard Schrodinger equation form as, i~∂χ∂t = Hχ, applying a transformation to eq. (3), χ = (−g)
1
4
[
e0(0)
] 1
2
ψ as
done in ref. [46], where g = det(gµν) is the determinant of the metric, and e
0
(1) = e
0
(2) = 0. The corresponding effective
Hamiltonian takes the form,
H = −~A0 + c α(a)
[
ei(a)
e0(0)
]
pˆi − i~c
2
α(a)
∂
∂xi
[
ei(a)
e0(0)
]
− ~α(a)
[
ei(a)
e0(0)
]
Ai + β
mc2
e0(0)
, (4)
where α(b) = β · γ(b), β = γ(0), i = 1, 2 and pˆi is the momentum operator corresponding to the i-th positional
coordinate . For detailed derivation of the above Hamiltonian, see the Appendix A.
In proper notation A0, Ai, and all the vielbeins are functions of two position coordinates x, y and time t such that,
in place of them
∑
x,y A0(x, y, t) |x, y〉 〈x, y| ,
∑
x,y Ai(x, y, t) |x, y〉 〈x, y| ,
∑
x,y e
i
(b)(x, y, t) |x, y〉 〈x, y| should be used
respectively. Also, as the γ matrices representing coin space which is different from the position Hilbert space, should
be written as tensor products. So, the proper form of this Hamiltonian is
H = −~σ0 ⊗
∑
x,y
A0(x, y, t) |x, y〉 〈x, y|+ cα(a) ⊗
∑
x,y
ei(a)(x, y, t)
e0(0)(x, y, t)
|x, y〉 〈x, y| pˆi + c2β ⊗
∑
x,y
m(x, y, t)
e0(0)(x, y, t)
|x, y〉 〈x, y|
− i~c
2
α(a) ⊗
∑
x,y
∂
∂xi
[
ei(a)(x, y, t)
e0(0)(x, y, t)
]
|x, y〉 〈x, y| − ~α(a) ⊗
∑
x,y
ei(a)(x, y, t)
e0(0)(x, y, t)
Ai(x, y, t) |x, y〉 〈x, y| . (5)
In case of fundamental particles, the mass m(x, y, t) = m will be independent of position and time, but for emergent
particles which appear in condensed matter systems, the mass can in general be a function of position and time. For
(1 + 1) dimension the variable y will not be present in eq. (5).
However, for notational convenience we will express the Hamiltonian given in eq. (5) as follows,
H = −~σ0 ⊗A0 + cα(a) ⊗
[
ei(a)
e0(0)
]
pˆi − i~c
2
α(a) ⊗ ∂
∂xi
[
ei(a)
e0(0)
]
− ~α(a) ⊗
[
ei(a)
e0(0)
]
Ai + c
2β ⊗ m
e0(0)
. (6)
III. GENERAL SPLIT-STEP DQW
As the conventional DQW is a discrete quantum version of the classical random walk [48–50], the SS-DQW is a
generalized version of the conventional DQW, first introduced in ref. [26]. Multiple evolution parameters give more
control over the evolution of the walk to engineer the dynamics at our desire. The general single-particle SS-DQW in
(1 + 1) dimensional space-time can be defined as a unitary evolution operator that evolves a state |ψ(t)〉 at time t to
a state |ψ(t+ τ)〉 at time t+ τ ,
U(t, τ) = S+ · C2(t, τ) · S− · C1(t, τ) (7)
acting on the Hilbert space Hc ⊗Hx where Hc = span{(1 0)T , (0 1)T } is the coin Hilbert space and Hx = span{|x〉 :
x ∈ aZ or x ∈ aZN } is the position Hilbert space. The general state |ψ(t)〉 ∈ Hc ⊗ Hx for all discrete time-step
t ∈ τ × ({0} ∪ N).
Here the unitary coin operation is defined as
Cj(t, τ) =
∑
x
eiξj(x,t,τ)
 Fj(x, t, τ) Gj(x, t, τ)
−G∗j (x, t, τ) F ∗j (x, t, τ)
⊗ |x〉 〈x| (8)
for j = 1, 2, subject to the condition |Fj(x, t, τ)|2 + |Gj(x, t, τ)|2 = 1 and ξj(x, t, τ) are real for all x, t, τ . The
x, t dependence of the functions Fj(x, t, τ), Gj(x, t, τ), ξj(x, t, τ) implies inhomogeneity of the coin operation both
4in position and time steps. Here Fj(x, t, τ), Gj(x, t, τ) represent the elements of SU(2) group operation and after
including ξj(x, t, τ), we have a general U(2) group operation on coin space [25].
The coin state dependent position shift operators are defined as
S+ =
∑
x
(
1 0
0 0
)
⊗ |x+ a〉 〈x|+
(
0 0
0 1
)
⊗ |x〉 〈x| , S− =
∑
x
(
1 0
0 0
)
⊗ |x〉 〈x|+
(
0 0
0 1
)
⊗ |x− a〉 〈x| . (9)
These position shift operators act homogeneously on all positions, at all time steps. The usual implementation method
of the unitary operator U which implement one complete step of SS-DQW is in the following order—the coin operation
C1(t, τ) is followed by the shift operation S− which is further followed by the coin operation C2(t, τ) and then the
shift operation S+. Here S± are by definition unitary operators. The coin operations are generalized U(2) operations
on the coin space while they keep the position state of the particle intact, but the parameters of this U(2) operation
depend on the position of the coin. S+ shifts the particle one-step further in position points along the direction of
increasing x if the coin state of the particle is in the up-state or (1 0)T and does nothing if the coin state of the
particle is in the down-state or (0 1)T . S− does nothing if the coin state of the particle is in the up-state or (1 0)T
and shifts the particle one step further in position points along the direction of decreasing x if the coin state of the
particle is in the down-state or (0 1)T .
Using the expressions given in eqs. (8)-(9), the whole evolution operator in eq. (7) can be written in the form:
U(t, τ) =
(
1 0
0 0
)
⊗ U00(t, τ) +
(
0 1
0 0
)
⊗ U01(t, τ) +
(
0 0
1 0
)
⊗ U10(t, τ) +
(
0 0
0 1
)
⊗ U11(t, τ), (10)
where
U00(t, τ) =
∑
x
ei[ξ1(x,t,τ)+ξ2(x,t,τ)]F2(x, t, τ)F1(x, t, τ) |x+ a〉 〈x| − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)G∗1(x, t, τ) |x〉 〈x| ,
U01(t, τ) =
∑
x
ei[ξ1(x,t,τ)+ξ2(x,t,τ)]F2(x, t, τ)G1(x, t, τ) |x+ a〉 〈x|+ ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)F ∗1 (x, t, τ) |x〉 〈x| ,
U10(t, τ) =
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)F1(x, t, τ) |x〉 〈x| − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]F ∗2 (x− a, t, τ)G∗1(x, t, τ) |x− a〉 〈x| ,
U11(t, τ) =
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)G1(x, t, τ) |x〉 〈x|+ ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]F ∗2 (x− a, t, τ)F ∗1 (x, t, τ) |x− a〉 〈x| .
(11)
The effective Hamiltonian Heff(t) : H
†
eff(t) = Heff(t) is defined by
U(t, τ) = exp
(
− iHeff(t)τ
~
)
. (12)
Because of the inhomogeneity of the evolution operator in space-time in eq. (7), it is difficult to diagonalize the whole
operator and derive the effective Hamiltonian as done in ref. [25]. Instead of that, we will derive the Hamiltonian by
Taylor series expansion with respect to the variables τ , a assuming that τ , a = cτ have the same order of magnitude
and lim
τ→0
a = 0 (as we are taking c as a finite constant).
U(t, τ) = lim
τ→0
U(t, τ) + τ lim
τ→0
U(t, τ)− U(t, 0)
τ
+ . . . = σ0 ⊗
∑
x∈aZ
|x〉 〈x| − i τ
~
Heff(t) + . . . (13)
and hence the relation between system state at time steps t and t+ τ can be written as follows
|ψ(t+ τ)〉 = U(t, τ) |ψ(t)〉 = |ψ(t)〉 − iτ
~
Heff(t) |ψ(t)〉+O(τ2). (14)
So, the effective Hamiltonian can be derived from the expansion upto the first order in τ . But the zeroth order terms
5of the unitary operator:
U00(t, 0) =
∑
x
ei[ξ1(x,t,0)+ξ2(x,t,0)]
{
F2(x, t, 0)F1(x, t, 0)−G2(x, t, 0)G∗1(x, t, 0)
} |x〉 〈x| ,
U01(t, 0) =
∑
x
ei[ξ1(x,t,0)+ξ2(x,t,0)]
{
F2(x, t, 0)G1(x, t, 0) +G2(x, t, 0)F
∗
1 (x, t, 0)
} |x〉 〈x| ,
U10(t, 0) = −
∑
x
ei[ξ1(x,t,0)+ξ2(x,t,0)]
{
G∗2(x, t, 0)F1(x, t, 0) + F
∗
2 (x, t, 0)G
∗
1(x, t, 0)
} |x〉 〈x| ,
U11(t, 0) = −
∑
x
ei[ξ1(x,t,0)+ξ2(x,t,0)]
{
G∗2(x, t, 0)G1(x, t, 0)− F ∗2 (x, t, 0)F ∗1 (x, t, 0)
} |x〉 〈x| (15)
will not simply be equal to the identity operator unless some constraints on the functions ξj(x, t, 0), Fj(x, t, 0) and
Gj(x, t, 0) have been imposed. The zeroth order term should be equal to the identity operator both in position and
coin space in order to make the Hamiltonian, a bounded operator at a → 0, τ → 0 for the validity of Taylor series
expansion in eq. (13).
We are assuming that the ξj(x, t, τ), Fj(x, t, τ), Gj(x, t, τ) are analytic functions of τ , so that we can do Taylor
series expansion of them as well as the overall SS-DQW evolution operator.
Fj(x, t, τ) = Fj(x, t, 0) + τfj(x, t) +O(τ2), Gj(x, t, τ) = Gj(x, t, 0) + τgj(x, t) +O(τ2),
ξj(x, t, τ) = ξj(x, t, 0) + τλj(x, t) +O(τ2). (16)
Imposing the condition that |Fj(x, t, τ)|2 + |Gj(x, t, τ)|2 = 1 for all x, t, τ ; as the coefficient of τn should be zero
separately for each n, where n ∈ N; we get
<[Fj(x, t, 0)f∗j (x, t) +Gj(x, t, 0)g∗j (x, t)] = 0. (17)
From the condition
|Fj(x+ a, t, 0)|2 + |Gj(x+ a, t, 0)|2 = |Fj(x− a, t, 0)|2 + |Gj(x− a, t, 0)|2 = |Fj(x, t, 0)|2 + |Gj(x, t, 0)|2 = 1
we have a difference equation
Fj(x+ a, t, 0)F
∗
j (x+ a, t, 0)− Fj(x, t, 0)F ∗j (x, t, 0) +Gj(x+ a, t, 0)G∗j (x+ a, t, 0)−Gj(x, t, 0)G∗j (x, t, 0) = 0
which, after expansion upto the first order in a gives <[Fj(x, t, 0)∂xF ∗j (x, t, 0) +Gj(x, t, 0)∂xG∗j (x, t, 0)] = 0,
(18)
where we have defined
∂xF
∗
j (x, t, 0) := lim
a→0
1
a
[
F ∗j (x+ a, t, 0)− F ∗j (x, t, 0)
]
= lim
a→0
1
a
[
F ∗j (x, t, 0)− F ∗j (x− a, t, 0)
]
.
The similar definition will be used for the functions Fj(x, t, 0), Gj(x, t, 0), G
∗
j (x, t, 0), ξj(x, t, 0) ∀ j = 1, 2.
We further assume that all the higher order difference equation in a of all these functions are well defined, so that, at
the limit a→ 0, we can neglect higher order terms compared to the first order term in a in the Taylor series expansion
with respect to the variable a.
IV. MODIFIED EVOLUTION OPERATOR AND EFFECTIVE HAMILTONIAN
Our conventional single-particle SS-DQW evolution operator does not directly satisfy the condition limτ→0 U(t, τ) =
σ0⊗
∑
x |x〉 〈x| in eq. (15), unless we impose some extra conditions on the functions: Fj(x, t, 0), Gj(x, t, 0), ξj(x, t, 0).
But there may be a possibility that finding the valid conditions is not simple or may be the limit itself does not exist.
Moreover, the condition will reduce the number of independent parameters. So, instead of using U(t, τ) as our evolution
operator we will use U†(t, 0) ·U(t, τ). Let’s denote U (t, τ) := U†(t, 0) ·U(t, τ) where U†(t, 0) = C†1(t, 0) ·C†2(t, 0). We
can see U (t, 0) = σ0 ⊗
∑
x |x〉 〈x|. Note that this modification won’t affect the relation of Dirac cellular automaton
(DCA) and SS-DQW established in ref. [25], because in that case U†(t, 0) = σ0⊗
∑
x |x〉 〈x|. We can write the matrix
form of the modified evolution operator U (t, τ) in the coin basis as:
U (t, τ) =
(
1 0
0 0
)
⊗U00(t, τ) +
(
0 1
0 0
)
⊗U01(t, τ) +
(
0 0
1 0
)
⊗U10(t, τ) +
(
0 0
0 1
)
⊗U11(t, τ), (19)
6where
U00(t, τ) = U
†
00(t, 0)U00(t, τ) + U
†
10(t, 0)U10(t, τ), U01(t, τ) = U
†
00(t, 0)U01(t, τ) + U
†
10(t, 0)U11(t, τ),
U10(t, τ) = U
†
01(t, 0)U00(t, τ) + U
†
11(t, 0)U10(t, τ), U11(t, τ) = U
†
01(t, 0)U01(t, τ) + U
†
11(t, 0)U11(t, τ). (20)
The detailed forms of these operators are calculated in Appendix B. Expanding these operators upto first order in τ
and a, we can calculate the effective Hamiltonian using the similar form of the eq. (13) defined for the conventional
SS-DQW evolution operator, i.e., now we use the definition:
Heff(t) := i~ lim
τ→0
1
τ
[
U (t, τ)−U (t, 0)]. (21)
For the detailed derivation of this Hamiltonian see Appendix C 1. The derived effective Hamiltonian is of the form:
Heff(t) =
3∑
r=0
σr ⊗
∑
x
Ξr(x, t) |x〉 〈x|+ c
3∑
r=1
σr ⊗
∑
x
Θr(x, t) |x〉 〈x| pˆ. (22)
The terms Ξr(x, t), Θr(x, t) in Hamiltonian operator are explicit functions of Fj(x, t, 0), Gj(x, t, 0), ξj(x, t, 0),
fj(x, t), gj(x, t) and λj(x, t) for j = 1, 2. The explicit expressions of these terms are given in Appendix C 1.
Note that, in the standard Hamiltonian in eq. (6) in (1 + 1) dimension, the total possible number of independent
coefficients of the momentum operator pˆ1 is two and they are cα
(0)⊗ e
1
(0)
e0
(0)
, cα(1)⊗ e
1
(1)
e0
(0)
. In the expression in (22) three
independent coefficients are possible, but they do not contain α(0) = σ0 term. So, in order to match with the existing
theory we need to do a careful choice of the coin parameters.
V. WHEN THE COIN OPERATION OF MODIFIED SS-DQW IS RESTRICTED TO SPAN{σ0, σ1} ONLY
The Hamiltonian, derived in the preceding section corresponds to the general U(2) coin operation. Now we will
consider a special case where the coin operations are only rotations about the spin-x-axis, such that Fj(x, t, τ) =
cos θj(x, t, τ), Gj(x, t, τ) = −i sin θj(x, t, τ) and the overall phase ξj(x, t, τ) will be incorporated. Further if θj(x, t, τ) =
θj(x, t, 0) + τϑj(x, t), we have fj(x, t) = −ϑj(x, t) sin[θj(x, t, 0)] and gj(x, t) = −iϑj(x, t) cos[θj(x, t, 0)].
In this case:
Θ1 = 0, Θ2 = cos[θ2(x, t, 0)] sin[2θ1(x, t, 0) + θ2(x, t, 0)],Θ3 =
1
2
cos[2θ1(x, t, 0)] +
1
2
cos[2θ1(x, t, 0) + 2θ2(x, t, 0)],
(23)
Ξ0 = −~[λ1(x, t) + λ2(x, t)] + ~c
2
∂xξ2(x, t, 0), Ξ1 = ~[ϑ1(x, t) + ϑ2(x, t)]− ~c
2
∂xθ2(x, t, 0), (24)
Ξ3 =
i~c
2
sin[2θ1(x, t, 0) + 2θ2(x, t, 0)]∂xθ2(x, t, 0) + i~c cos[θ2(x, t, 0)] sin[θ2(x, t, 0) + 2θ1(x, t, 0)]∂xθ1(x, t, 0)
+
~c
2
∂xξ1
[
cos[2θ1(x, t, 0)] + cos[2θ1(x, t, 0) + 2θ2(x, t, 0)]
]
+
~c
2
∂xξ2 cos[2θ1(x, t, 0) + 2θ2(x, t, 0)], (25)
and
Ξ2 = −i~c cos[θ2(x, t, 0)] cos[2θ1(x, t, 0) + θ2(x, t, 0)]∂xθ1(x, t, 0)− i~c
2
cos[2θ1(x, t, 0) + 2θ2(x, t, 0)]∂xθ2(x, t, 0)
+~c∂xξ1 cos[θ2(x, t, 0)] sin[2θ1(x, t, 0) + θ2(x, t, 0)] +
~c
2
∂xξ2(x, t, 0) sin[2θ1(x, t, 0) + 2θ2(x, t, 0)]. (26)
Note that, for this choice Fj(x, t, τ) = cos θj(x, t, τ), Gj(x, t, τ) = −i sin θj(x, t, τ), the effective Hamiltonian in
eq. (22) will reduce to the case of the flat space-time: gµν = η(a)(b) when θ2(x, t, 0) = θ1(x, t, 0) = 0 for all x, t.
7A. Comparison with Curved Space-time Dirac Hamiltonian in (1 + 1) dimensional
In strictly (1 + 1) dimension, the Dirac Hamiltonian in eq. (6) takes the form
H = −~σ0 ⊗A0 + cα(a) ⊗
[
e1(a)
e0(0)
]
pˆ1 − i~c
2
α(a) ⊗ ∂
∂x
[
e1(a)
e0(0)
]
− ~α(a) ⊗
[
e1(a)
e0(0)
]
A1 + c
2β ⊗ m
e0(0)
. (27)
Here we have α(0) = σ0; so, to compare this Hamiltonian with our derived Hamiltonian, given in eq. (22), one possible
choice is θ2(x, t, 0) = −2θ1(x, t, 0), e1(0) = 0 and γ(0) = σ1, γ(1) = −iσ2 which implies α(1) = σ3.
Then,
Θ1 = 0, Θ3 = cos[2θ1(x, t, 0)], Θ2 = 0, Ξ0 = −~[λ1(x, t) + λ2(x, t)] + ~c
2
∂xξ2(x, t, 0),
Ξ1 = ~[ϑ1(x, t) + ϑ2(x, t)] + ~c∂xθ1(x, t, 0), Ξ2 = −~c
2
sin[2θ1(x, t, 0)]∂xξ2(x, t, 0),
Ξ3 = i~c sin[2θ1(x, t, 0)]∂xθ1(x, t, 0) +
~c
2
cos[2θ1(x, t, 0)]
[
2∂xξ1(x, t, 0) + ∂xξ2(x, t, 0)
]
. (28)
After omitting all the zero-valued terms, the Hamiltonian in eq. (27) becomes
H = −~σ0 ⊗A0 + cσ3 ⊗
[
e1(1)
e0(0)
]
pˆ1 − i~c
2
σ3 ⊗ ∂
∂x
[
e1(1)
e0(0)
]
− ~σ3 ⊗
[
e1(1)
e0(0)
]
A1 + c
2β ⊗ m
e0(0)
, (29)
where we identify ∂xξ2(x, t, 0) = 0 and[
e1(1)
e0(0)
]
= cos[2θ1(x, t, 0)],
mc2
e0(0)
= ~[ϑ1(x, t) + ϑ2(x, t)] + ~c∂xθ1(x, t, 0), A0 = λ1(x, t) + λ2(x, t),
A1
[
e1(1)
e0(0)
]
= −c ∂xξ1(x, t, 0)⇒ A1 = −c sec[2θ1(x, t, 0)]∂xξ1(x, t, 0),
Metric =
(
g00 g01
g10 g11
)
=

[
e0(0)
]2
0
0 −
[
e1(1)
]2
 = [e0(0)]2( 1 00 − cos2[2θ1(x, t, 0)]
)
. (30)
In case we want to study the fundamental particle, the mass m should be taken position-time independent, we
can choose e0(0) = mc
2
(
~[ϑ1(x, t) + ϑ2(x, t)] + ~c∂xθ1(x, t, 0)
)−1
. In condensed matter, many kinds of emergent
particles are possible whose masses may depend on both the time and position steps, so, we can set e0(0) = 1
which implies mc2 = ~[ϑ1(x, t) + ϑ2(x, t)] + ~c∂xθ1(x, t, 0) . As θ1(x, t, 0) can be an arbitrary function of x, t but
−1 ≤ cos[2θ1(x, t, 0)] ≤ 1, g11 term of any metric can be captured by this through some constant value scaling.
Numerical simulations
The main purpose of this work is to unify all the possible background potential effects in the single particle massive
Dirac Hamiltonian in its first quantized version and simulate it in an operational form using quantum walks. For
proper depiction one should do numerical analysis for all possible common mathematical forms of the metric and
gauge potentials. So that one can predict the mathematical forms of metric and gauge potentials corresponding
to the experimentally observed phenomena where the metric and gauge potential functions are unknown. Here in
the numerical section we have given examples of few common mathematical forms of metrics and external gauge
potentials. Our numerical results are obtained by considering ~ = 1 unit, c = 1 unit, τ := 1L unit and a :=
1
L unit.
Here, L should not be confused with the system size, we have used it merely to parameterize τ and a. We choose to
work with the mass = m = 0.04 unit. We have plotted the probability as a function of time (SS-DQW steps) and
position for two different cases. This probability is irrespective of the coin state of the particle, i.e., we have traced
over whole coin states at every time-step.
81. A static metric
For a static case we will run our simulation considering L = 250.
FIG. 1: (Color online) Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice
points. The probability is for Minkowski metric system in absence of gauge potential with mass = 0.04 unit and the initial
state used for the evolution is 1√
2
[ |0〉+ i |1〉 ]⊗ |x = 0〉.
1. Fig. 1 is for flat space time without U(1) potential:
e0(0) = 1, e
1
(1) = 1, the coin parameter functions are:
ξ1(x, t, 0) = 0, λ1(x, t) = 0, ξ2(x, t, 0) = 0, λ2(x, t) = 0,
θ1(x, t, 0) = 0⇒ ∂xθ1(x, t, 0) = 0, ϑ1(x, t) = 0, ϑ2(x, t) = 0.04,
⇒ our rotation angles are: θ1(x, t, τ) = 0, θ2(x, t, τ) = 0.04
L
,
our phases are: ξ1(x, t, τ) = 0, ξ2(x, t, τ) = 0. (31)
2. Fig. 2 is for curved space-time without U(1) potential:
We choose to work with e0(0) = 1, e
1
(1) = x+ 5a.
The coin parameter functions are:
ξ1(x, t, 0) = 0, λ1(x, t) = 0, ξ2(x, t, 0) = 0, λ2(x, t) = 0,
θ1(x, t, 0) =
1
2
cos−1[x+ 5a]⇒ ∂xθ1(x, t, 0) = −1
2
(
1− [x+ 5a]2)− 12 ,
ϑ1(x, t) =
1
2
(
1− [x+ 5a]2)− 12 , ϑ2(x, t) = 0.04, ⇒ our rotation angles are:
θ1(x, t, τ) =
1
2
cos−1[x+ 5a] +
τ
2
(
1− [x+ 5a]2)− 12 , θ2(x, t, τ) = − cos−1[x+ 5a] + 0.04τ,
our phases are: ξ1(x, t, τ) = 0, ξ2(x, t, τ) = 0. (32)
In Fig. 2, the probability which spreads only to the right side of the origin is seen.
9FIG. 2: (Color online) Probability as a function of 800 time steps of the modified SS-DQW in a flat-lattice with 200 lattice
points. The probability is for the metric system: g00 = 1, g01 = g10 = 0, g11 = −(x+ 5a)2 with mass = 0.04 unit and the initial
state used for the evolution is 1√
2
[ |0〉+ i |1〉 ]⊗ |x = 0〉.
FIG. 3: (Color online) Probability as a function of 800 time steps of the modified SS-DQW in a flat-lattice with 200 lattice
points. The probability is for the metric system: g00 = 1, g01 = g10 = 0, g11 = −(x+ 5a)2 with mass = 0.04 unit and the initial
state used for the evolution is 1√
2
[ |0〉+ i |1〉 ]⊗ |x = 0〉 in presence of gauge potential.
3. Fig. 3 is for curved space-time with U(1) potential:
Here also the e0(0) = 1, e
1
(1) = x+ 5a. The gauge potential is captured by the parameters:
ξ1(x, t, 0) = 1000xt, λ1(x, t) = 0.03x, ξ2(x, t, 0) = 0, λ2(x, t) = 0.
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The other coin parameter functions are:
θ1(x, t, 0) =
1
2
cos−1[x+5a]⇒ ∂xθ1(x, t, 0) = −1
2
(
1−[x+5a]2)− 12 , ϑ1(x, t) = 1
2
(
1−[x+5a]2)− 12 , ϑ2(x, t) = 0.04,
⇒ our rotation angles are: θ1(x, t, τ) = 1
2
cos−1[x+5a]+
τ
2
(
1−[x+5a]2)− 12 , θ2(x, t, τ) = − cos−1[x+5a]+0.04τ,
our phases are: ξ1(x, t, τ) = 1000xt+
0.03x
L
, ξ2(x, t, τ) = 0. (33)
2. A non-static metric
Here we will show the numerical simulation of a non-static case. We will take L = 150.
FIG. 4: (Color online) Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice
points. The probability is for a non-static metric system: g00 = t−2, g01 = g10 = 0, g11 = − t−2
2
[
cos 4x+ sin 4x
]2
in absence of
gauge potential with mass = 0.04 unit. The initial state used for the evolution is 1√
2
[ |0〉+ i |1〉 ]⊗ |x = 0〉.
1. Fig. 4 is for curved space-time without U(1) potential:
e0(0) =
1
t , e
1
(1) =
1√
2t
[
cos 4x+ sin 4x
]
, the coin parameter functions are:
ξ1(x, t, 0) = 0, λ1(x, t) = 0, ξ2(x, t, 0) = 0, λ2(x, t) = 0,
θ1(x, t, 0) =
pi
8
+ 2x⇒ ∂xθ1(x, t, 0) = 2, ϑ1(x, t) = −2, ϑ2(x, t) = 0.04t,
⇒ our rotation angles are: θ1(x, t, τ) = pi
8
+ 2x− 2
L
, θ2(x, t, τ) = −pi
4
− 4x+ 0.04t
L
,
our phases are: ξ1(x, t, τ) = 0, ξ2(x, t, τ) = 0. (34)
2. Fig. 5 is for curved space-time with U(1) potential:
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FIG. 5: (Color online) Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice
points. The probability is for a non-static metric system: g00 = t−2, g01 = g10 = 0, g11 = − t−2
2
[
cos 4x + sin 4x
]2
in presence
of U(1) gauge potential with mass = 0.04 unit. The initial state used for the evolution is 1√
2
[ |0〉+ i |1〉 ]⊗ |x = 0〉.
e0(0) =
1
t , e
1
(1) =
1√
2t
[
cos 4x+ sin 4x
]
, the coin parameter functions are:
ξ1(x, t, 0) = 1000xt, λ1(x, t) = 0.03x, ξ2(x, t, 0) = 0, λ2(x, t) = 0,
θ1(x, t, 0) =
pi
8
+ 2x⇒ ∂xθ1(x, t, 0) = 2, ϑ1(x, t) = −2, ϑ2(x, t) = 0.04t,
⇒ our rotation angles are: θ1(x, t, τ) = pi
8
+ 2x− 2
L
, θ2(x, t, τ) = −pi
4
− 4x+ 0.04t
L
,
our phases are: ξ1(x, t, τ) = 1000xt+
0.03x
L
, ξ2(x, t, τ) = 0. (35)
In this work we should note that the initial state of the quantum walk system is taken to be a pure state ∈ Hc⊗Hx,
and hence under the modified SS-DQW evolution which is also an unitary, the state will remain pure. As we have
dealt with a quantum walk particle which is always in a pure state |ψ(t)〉 := ∑x (αx |0〉 + βx |1〉 ) ⊗ |x〉, ensemble is
the collection of the identically prepared quantum walk systems, all of them are in the state |ψ(t)〉 at time-step t. But
during measurement of position irrespective of the coin state of the particle, we actually measure on the partial state
of the system which is traced out over coin Hilbert space = Trc
( |ψ(t)〉 〈ψ(t)| ). For example, the ensemble contains
total n0 +n1 number of systems, at a particular time-step all are described by the state |ψ(t)〉, n0 among them are in
the |0〉 coin state and other n1 are in the |1〉 coin state (after coin measurement). Among the n0 systems r0 systems
are in position x, among the n1 systems r1 systems are in position x. So the probability to be in the position x is
∑
frequency of coin state × positional probability of that coin state = ∑1j=0 njn0+n1 × rjnj . In that sense, the probabilities
shown in the figs. 1-5 are the averaged over the coin degrees of freedom and the corresponding probability reads
p(x, t) = 〈x|Trc
( |ψ(t)〉 〈ψ(t)| )|x〉 = 1∑
j=0
nj
n0 + n1
× rj
nj
. (36)
This is the probability function which has been shown in all the figures as a function of position and time-step.
Different trajectories at a time-step correspond to the probabilities of obtaining the particle at different positions at
that time-step.
For the static case the chosen vielbeins: e0(0) = 1 is constant and e
1
(1) = x + 5a is linear in position coordinate. In
the non-static case we have chosen vielbeins: e0(0) =
1
t is inverse in time and e
1
(1) =
1
t sin
[
4x + pi4
]
is a combination
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of sinusoidal in position and inverse in time coordinate. The choice of U(1) gauge potential: A0 = 0.03x is linear in
position coordinate and A1 = −1000t(x+ 5a)−1 is linear in time and inverse in position coordinates. The presence of
the gauge potential increases localization of probability profiles in positions. The flat space-time metric case: e0(0) =
e1(1) = 1, has been shown to get a comparable idea about the other plots.
The parameters considered for the fig. 2 will give Hamiltonian H = σ3 ⊗ (x+ 5a) pˆ1 − i2σ3 ⊗ 1x +mσ1 ⊗ 1x at the
continuum limit. This Hamiltonian is the same as the Rindler Hamiltonian: HR = σ3 ⊗ (x + 5a) p1 − i2σ3 ⊗ 1x +
σ1m⊗ (x+ 5a), except an additional potential term.
In the fig. 2 from the probability profile it may seem that after long times the particle has a probability to exist
outside the light-cone described by the fig. 1. But in the fig. 2 case the light-cone should be described by equation:
ds2 =
[
e
(0)
0
]2
dt2 −
[
e
(1)
1
]2
dx2 = 0⇒ dx
dt
= ±(x+ 5a)⇒ ln(x+ 5a)− ln(x0 + 5a) = ±t (37)
instead of the Minkowski light-cone described by the equation: dxdt = ±1, where ds is usually taken as the infinitesimal
distance in world space-time and x0 is the position of the particle at time t = 0. The trajectories should not cross the
light-cone described by eq. (37), as the coordinate system is not flat now. So it will not violate the causality principle
even if it crosses the Minkowski light-cone. Although, in the unit system c = 1, ~ = 1, a = 1L that we have used while
plotting the figures this light-cone in eq. (37) will always remain within the Minkowski light-cone, and the particle
trajectory never crosses the light-cone described by the eq. (37). Because in the figures the axes labels are actually
dimensionless quantities.
B. Simulating (2 + 1) space-time Hamiltonian by (1 + 1) space-time dimensional SS-DQW
In (2 + 1) space-time dimension when one of the spatial momentum components of the Dirac particle remains
constant = ky unit and all the operators in the Hamiltonian are simply function of the other spatial coordinate and
time—the space-time become effectively (1+1) dimensional. Under this consideration the effective Dirac Hamiltonian
in (2 + 1) space-time dimension given in eq. (6) can be written as
H = −~σ0 ⊗A0 +
{
cα(0) ⊗ q1(0)pˆ1 + cα(0) ⊗ q2(0)ky + cα(1) ⊗ q1(1)pˆ1 + cα(1) ⊗ q2(1)ky + cα(2) ⊗ q1(2)pˆ1 + cα(2) ⊗ q2(2)ky
}
− i~c
2
{
α(0) ⊗ ∂
∂x
q1(0) + α
(1) ⊗ ∂
∂x
q1(1) + α
(2) ⊗ ∂
∂x
q1(2)
}
− ~
{
α(0) ⊗ q1(0)A1 + α(0) ⊗ q2(0)A2 + α(1) ⊗ q1(1)A1
+α(1) ⊗ q2(1)A2 + α(2) ⊗ q1(2)A1 + α(2) ⊗ q2(2)A2
}
+ c2β ⊗ m
e0(0)
, where qµ(j) :=
[
eµ(j)
e0(0)
]
(38)
and we have taken all the operators in the Hamiltonian as functions of x, t only. We had α(0) = σ0, now if we consider
γ(0) = σ1, γ
(1) = −iσ2, γ(2) = iσ3 it implies α(1) = σ3, α(2) = σ2. In order to compare the Hamiltonian in eq. (38)
with our Hamiltonian in eq. (22) derived from the modified SS-DQW, we have to make e1(0) = 0 which reduces the
Hamiltonian in eq. (38) to the form,
H = −~σ0 ⊗A0 +
{
cσ0 ⊗ q2(0)ky + cσ3 ⊗ q1(1)pˆ1 + cσ3 ⊗ q2(1)ky + cσ2 ⊗ q1(2)pˆ1 + cσ2 ⊗ q2(2)ky
}
− i~c
2
{
σ3 ⊗ ∂
∂x
q1(1) + σ2 ⊗
∂
∂x
q1(2)
}
− ~
{
σ0 ⊗ q2(0)A2 + σ3 ⊗ q1(1)A1 + σ3 ⊗ q2(1)A2
+σ2 ⊗ q1(2)A1 + σ2 ⊗ q2(2)A2
}
+ c2σ1 ⊗ m
e0(0)
. (39)
In this case:
q1(2) = Θ2(x, t) =
1
2
sin[2θ1(x, t, 0)] +
1
2
sin[2θ1(x, t, 0) + 2θ2(x, t, 0)], (40)
q1(1) = Θ3(x, t) =
1
2
cos[2θ1(x, t, 0)] +
1
2
cos[2θ1(x, t, 0) + 2θ2(x, t, 0)], (41)
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−~A0 + q2(0)(kyc− ~A2) = Ξ0(x, t) = −~[λ1(x, t) + λ2(x, t)] +
~c
2
∂xξ2(x, t, 0), (42)
mc2
e0(0)
= Ξ1(x, t) = ~[ϑ1(x, t) + ϑ2(x, t)]− ~c
2
∂xθ2(x, t, 0), (43)
q2(1)(kyc− ~A2)− ~q1(1)A1 = ~c∂xξ1(x, t, 0)Θ3(x, t) +
~c
2
∂xξ2(x, t, 0) cos[2θ1(x, t, 0) + 2θ2(x, t, 0)], (44)
q2(2)(kyc− ~A2)− ~q1(2)A1 = ~c∂xξ1(x, t, 0)Θ2(x, t) +
~c
2
∂xξ2(x, t, 0) sin[2θ2(x, t, 0) + 2θ1(x, t, 0)]. (45)
The total number of variables
{
A0, A1, A2,m, e
0
(0), e
1
(1), e
1
(2), e
2
(0), e
2
(1), e
2
(2)
}
for the set of the eqs. (40)-(45) are larger
than the total number of the equations. So, unique solution is not possible. One possible solution is
A0 = λ1(x, t) + λ2(x, t), A1 = −c∂xξ1(x, t, 0), A2 = −c∂xξ2(x, t, 0) + kyc~ ,[
e2(0)
e0(0)
]
=
1
2
,
[
e1(2)
e0(0)
]
=
1
2
sin[2θ1(x, t, 0)] +
1
2
sin[2θ1(x, t, 0) + 2θ2(x, t, 0)],[
e1(1)
e0(0)
]
=
1
2
cos[2θ1(x, t, 0)] +
1
2
cos[2θ1(x, t, 0) + 2θ2(x, t, 0)],
[
e2(1)
e0(0)
]
=
1
2
cos[2θ1(x, t, 0) + 2θ2(x, t, 0)],[
e2(2)
e0(0)
]
=
1
2
sin[2θ1(x, t, 0) + 2θ2(x, t, 0)],
mc2
e0(0)
= ~[ϑ1(x, t) + ϑ2(x, t)]− ~c
2
∂xθ2(x, t, 0). (46)
Therefore, the metric
=
 g00 g01 g02g10 g11 g12
g20 g21 g22
 =

[
e0(0)
]2
0 e0(0)e
2
(0)
0 −
[
e1(1)
]2
−
[
e1(2)
]2
−e1(1)e2(1) − e1(2)e2(2)
e0(0)e
2
(0) −e1(1)e2(1) − e1(2)e2(2)
[
e2(0)
]2
−
[
e2(1)
]2
−
[
e2(2)
]2

=
[
e0(0)
]2

1 0 12
0 − 14 − 12 cos2[θ2(x, t, 0)] − 12 cos2[θ2(x, t, 0)]
1
2 − 12 cos2[θ2(x, t, 0)] 0
 , (47)
where we have used the definition: gµν = eµ(0)e
ν
(0)−eµ(1)eν(1)−eµ(2)eν(2) with the sign convention: η(0)(0) = 1, η(1)(1) = −1,
η(2)(2) = −1. We should note here that this kind of choice implies that the effect of the momentum ky of the hidden
coordinate express itself as a part of the gauge potential A2. Other choices are possible which may give rise to different
metrics.
VI. IMPLEMENTATION OF OUR SCHEME IN QUBIT-SYSTEM
The shift operations S± in eq. (9), and the coin operations Cj(t, τ) in eq. (8) are kinds of controlled-unitary
operations. The shift operations S± change the position distribution while the coin state acts as the controller, and
the coin operations Cj(t, τ) change the coin state while positions act as controllers. Coin state is already represented
by a qubit (a 2-dimensional quantum-state), but the position space is N dimensional if the total number of lattice
sites is N , so, in general it can be any dimensional. Here, we will represent the position states by n-qubit system
such that the total number of position will now be 2n and each position is indexed by the decimal value—of the
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corresponding binary bits expression. Although N = 2n represents only a particular kind of numbers, any general
number of lattice sites can be constructed by neglecting some extra degrees of freedom. Below we demonstrate this
scheme by a simple example.
Suppose our working system is a periodic lattice with 4 lattice sites, i.e. lattice system is {|x〉 such that x ∈ Z4}.
We can build it by 2-qubit only—representing each qubit in the computational basis {|0〉 ≡ (1 0)T , |1〉 ≡
(0 1)T which are the eigenbasis of the conventional Pauli matrix σ3} we can write the basis of the 2-qubit system
as {|00〉 , |01〉 , |10〉 , |11〉}. We will use the definition: position state |0〉 := |00〉, position state |a〉 := |01〉, position
state |2a〉 := |10〉, position state |3a〉 := |11〉. So, in this representation
∑
x
|x+ a〉 〈x| = |01〉 〈00|+ |10〉 〈01|+ |11〉 〈10|+ |00〉 〈11| =
 0 0 0 11 0 0 00 1 0 0
0 0 1 0

=
1
4
[
(σ0 + σ3)⊗ (σ1 − iσ2) + (σ1 − iσ2)⊗ (σ1 + iσ2) + (σ0 − σ3)⊗ (σ1 − iσ2) + (σ1 + iσ2)⊗ (σ1 + iσ2)
]
=
1
2
[
σ0 ⊗ (σ1 − iσ2) + σ1 ⊗ (σ1 + iσ2)
]
. (48)
Similarly,
∑
x
|x− a〉 〈x| = |00〉 〈01|+ |01〉 〈10|+ |10〉 〈11|+ |11〉 〈00| =
 0 1 0 00 0 1 00 0 0 1
1 0 0 0
 (49)
=
1
2
[
σ0 ⊗ (σ1 + iσ2) + σ1 ⊗ (σ1 − iσ2)
]
.
∑
x
|x〉 〈x| = |00〉 〈00|+ |01〉 〈01|+ |10〉 〈10|+ |11〉 〈11| =
 1 0 0 00 1 0 00 0 1 0
0 0 0 1
 = σ0 ⊗ σ0 . (50)
For the periodic lattice case with total N number of lattice sites we use the relation
|k〉 = 1√N
N−1∑
x=0
e
ikx
~ |x〉 ⇒ |x〉 =
∑
k
|k〉 〈k|x〉 = 1√N
∑
k
e−
ikx
~ |k〉 .
|x+Na〉 = |x〉 ⇒ kNa
~
= 2pink ⇒ k = 2pink~Na (51)
where nk ∈ Z. Therefore the minimum possible gap between two k’s = ∆k = 2pi~Na . Here |k〉 is the eigenvectors of the
generator of the positional translation operator of the quantum walk:
∑
x |x± a〉 〈x|. The normalization condition〈x|x〉 = 1 implies that nk can take only N distinct values.
Possible choices of k: For oddN , we can choose k ∈
{
− 2pi~(N−1)2Na ,− 2pi~(N−3)2Na , . . . ,− 2pi~Na , 0, 2pi~Na , . . . , 2pi~(N−3)2Na , 2pi~(N−1)2Na
}
.
For even N , we can choose k ∈
{
− 2pi~(N−2)2Na , . . . ,− 2pi~Na , 0, 2pi~Na , . . . , 2pi~(N−2)2Na , pi~a
}
. So for both cases −pi~a < k ≤ pi~a ,
this domain describes the first Brillouin zone in condensed matter physics.
The UV cutoff momentum = pi~a as this is the largest possible values in our case — for a→ 0 limit this approaches
to ∞. The IR divergence in momentum does not arise as minimum modulus value of momentum can be zero.
One may question as here we are only showing scheme for N = 4 case, but we believe that extension to large N
can be simply developed based on our scheme. Just for the reader friendly demonstration we are dealing with N = 4
here.
Now we are going to use another qubit for the coin space having basis—{|0〉c , |1〉c}. In this case the shift operators
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take the forms:
S+ = |0〉c 〈0| ⊗
∑
x
|x+ a〉 〈x|+ |1〉c 〈1| ⊗
∑
x
|x〉 〈x| =
(
1c 0c
0c 0c
)
⊗
 0 0 0 11 0 0 00 1 0 0
0 0 1 0
+ ( 0c 0c0c 1c
)
⊗
 1 0 0 00 1 0 00 0 1 0
0 0 0 1

=
1
4
(σ0c + σ3c)⊗
[
σ0 ⊗ (σ1 − iσ2) + σ1 ⊗ (σ1 + iσ2)
]
+
1
2
(σ0c − σ3c)⊗ σ0 ⊗ σ0,
(52)
S− = |0〉c 〈0| ⊗
∑
x
|x〉 〈x|+ |1〉c 〈1| ⊗
∑
x
|x− a〉 〈x| =
(
1c 0c
0c 0c
)
⊗
 1 0 0 00 1 0 00 0 1 0
0 0 0 1
+ ( 0c 0c0c 1c
)
⊗
 0 1 0 00 0 1 00 0 0 1
1 0 0 0

=
1
2
(σ0c + σ3c)⊗ σ0 ⊗ σ0 + 1
4
(σ0c − σ3c)⊗
[
σ0 ⊗ (σ1 + iσ2) + σ1 ⊗ (σ1 − iσ2)
]
.
(53)
The two coin operations for j = 1, 2 are defined as
Cj(t, τ) =
[
e−iξj(x=0,t,τ)e−iθj(x=0,t,τ)σ1c ⊗ |00〉 〈00|+ e−iξj(x=a,t,τ)e−iθj(x=a,t,τ)σ1c ⊗ |01〉 〈01|
+e−iξj(x=2a,t,τ)e−iθj(x=2a,t,τ)σ1c ⊗ |10〉 〈10|+ e−iξj(x=3a,t,τ)e−iθj(x=3a,t,τ)σ1c ⊗ |11〉 〈11|
]
=
1
4
[
e−iξj(x=0,t,τ)e−iθj(x=0,t,τ)σ1c ⊗ (σ0 + σ3)⊗ (σ0 + σ3) + e−iξj(x=a,t,τ)e−iθj(x=a,t,τ)σ1c ⊗ (σ0 + σ3)⊗ (σ0 − σ3)
+e−iξj(x=2a,t,τ)e−iθj(x=2a,t,τ)σ1c ⊗ (σ0 − σ3)⊗ (σ0 + σ3) + e−iξj(x=3a,t,τ)e−iθj(x=3a,t,τ)σ1c ⊗ (σ0 − σ3)⊗ (σ0 − σ3)
]
.
(54)
Thus the whole evolution operator U (t, τ) = C†1(t, 0) · C†2(t, 0) ·
[
S+ · C2(t, τ) · S− · C1(t, τ)
]
is implementable by a
simple qubit system.
There is opinion of unnecessity of a quantum simulator for the simulation of the dynamics of a single particle
quantum system—properly chosen classical simulator can do the whole job. But the following two aspects can be
used to counter this opinion. (i) A single quantum particle can be in a superposition of wave and particle state
according to the ref. [51]. But classical particle and wave are two independent entities and they never mix. (ii)
Entanglement between two different degrees of freedom (coin and position in our case) in a single quantum particle
have contextual origin, but classical physics shows non-contextual behavior. For detailed discussion please look into
the ref. [52]. So unless one explicitly proves that, in case of quantum simulation these two aspects are not important
or can be captured by classical means after some kinds of encoding, it is better to work with quantum simulators.
VII. INCLUSION OF U(N) POTENTIAL IN OUR SS-DQW SCHEME
In the above cases we are able to include the effect of the U(1) gauge potential. But we can define the coin
operations in such a way that influence of general U(N) potential on single Dirac particle in (1 + 1) dimension can
also be derived. Here we will follow a similar kind of procedure as in the ref. [16].
In this case the coin Hilbert space Hc = span{(1 0 0 . . . 0 0)T , (0 1 0 . . . 0 0)T , . . . , (0 0 0 . . . 0 1)T } is a 2N
dimensional vector space instead of only two dimensional. The position Hilbert space will be the same as it was.
The shift operators are now defined as
S+ =
∑
x
(
1 0
0 0
)
⊗ 1N ⊗ |x+ a〉 〈x|+
(
0 0
0 1
)
⊗ 1N ⊗ |x〉 〈x| ,
S− =
∑
x
(
1 0
0 0
)
⊗ 1N ⊗ |x〉 〈x|+
(
0 0
0 1
)
⊗ 1N ⊗ |x− a〉 〈x| . (55)
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where 1N is the N ×N identity matrix defined on the coin Hilbert space. The coin operations are now defined as
Cj(t, τ) =
∑
x
eiξj(x,t,τ)
 Fj(x, t, τ) Gj(x, t, τ)
−G∗j (x, t, τ) F ∗j (x, t, τ)
⊗ 1N
 ·
( e−iτ∑N2−1q=0 ωqj (x,t)Λq 0
0 e−iτ
∑N2−1
q=0 Ω
q
j (x,t)Λq
)⊗ |x〉 〈x|
(56)
where the matrices Λq are the generators of U(N) group. We will define our evolution operator as UN (t, τ) =
C†1(t, 0) · C†2(t, 0) ·
[
S+ · C2(t, τ) · S− · C1(t, τ)
]
which is similar to the case having U(1) potential only. Using the
definition of the effective Hamiltonian as in eq. (21), we get
Heff,N =
3∑
r=0
(σr ⊗ 1N )⊗
∑
x
Ξr(x, t) |x〉 〈x|+ c
3∑
r=1
(σr ⊗ 1N )⊗
∑
x
Θr(x, t) |x〉 〈x| pˆ
+
3∑
r=0
σr ⊗
∑
x
N2−1∑
q=0
Λqχ
q
r(x, t)⊗ |x〉 〈x| (57)
where
χq0(x, t) =
~
2
[
ωq1(x, t) + Ω
q
1(x, t) + ω
q
2(x, t) + Ω
q
2(x, t)
]
,
χq3(x, t) =
~
2
[
ωq1(x, t)− Ωq1(x, t) + {ωq2(x, t)− Ωq2(x, t)}{|F1(x, t, 0)|2 − |G1(x, t, 0)|2}
]
,
χq1(x, t) = ~<[G1(x, t, 0)F ∗1 (x, t, 0)]
[
ωq2(x, t)− Ωq2(x, t)
]
, χq2(x, t) = −~=[G1(x, t, 0)F ∗1 (x, t, 0)]
[
ωq2(x, t)− Ωq2(x, t)
]
.
(58)
The term
∑3
r=0 σr ⊗
∑
x
∑N2−1
q=1 Λqχ
q
r(x, t) ⊗ |x〉 〈x| describes the effect of nonabelian potentials, where we have
taken Λ0 = 1N . In our (1 + 1) dimensional case we can work with the choice: χ
q
2(x, t) = χ
q
1(x, t) = 0 for all q. For a
proper choice of N the U(N) can be the composition of all possible abelian and non-abelian gauge potential effects,
and hence, the derived Hamiltonian can capture all the possible fundamental force effects on a single Dirac particle.
For example we can include SU(3) and SU(2) interactions by choosing N = 2× 3 = 6. One important point is that
the dynamical characters of these potentials have not been considered, they act as background potentials on the single
Dirac particle.
Sometimes the fermion doubling problem [53, 54] appears, when the fermion particle dynamics is discussed in
lattice position framework. The corresponding no-go theorem—Nielsen-Ninomiya theorem describes the impossibility
of lattice simulation of local fermion field theory consistently without avoiding the fermion doubling problem. In
refs. [55, 56], it is discussed that the Nielsen-Ninomiya theorem may not be applicable for discrete time evolution.
In our case all the evolution operators are defined on discrete time and discrete position. In the homogeneous
SS-DQW case when we allow only rotation about the spin-x axis in the coin operations, according to the ref. [25] the
positive energy eigenvalue
E(k) =
~
τ
cos−1
[
cos θ1 cos θ2 cos
(
ka
~
)
− sin θ1 sin θ2
]
(59)
is a monotonic function of the modulus of momentum: |k| ∈ [0, pi~a ]. For a massless case: θ1 = θ2 = 0 the relation
in eq. (59) reduces to E(k) = kc which is very consistent with the Weyl fermion case. Because of the monotonicity
there does not exist two different |k| for which the positive energy eigenvalues are the same. This implies no fermion
doubling. This is independent of the cutoff scale a.
In case of position, time-step dependent coin parameters, the overall effect can be thought as a introduction of
space-time dependent potential effects on the homogeneous SS-DQW case. It is expected that for the scalar potential,
i.e. while the potential does not depend on the chirality of the particle, it does not change the monotonic nature of
the energy as a function of the modulus of momentum. So, in those cases, fermion doubling does not occur. But for
chirality dependent potentials, it is not so obvious that the fermion doubling problem does not appear, so these cases
need further investigations.
VIII. EXTENDING OUR (1 + 1) DIMENSIONAL SS-DQW SCHEME TO TWO-PARTICLE CASE
Here we will apply our SS-DQW framework into a two-particle system. In order to extend to two-particle case we
will use entangled coin operations and the separable shift operations. We extend the conventional evolution operator
17
that evolves a two-particle state at time t to a state at time t+ τ ,
U two(t, τ) =
[
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ) (60)
such that the modified or actual evolution operator will now be
U two(t, τ) = C†1(t, 0) · C†2(t, 0) ·
[
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ) (61)
acting on the Hilbert space Hc1 ⊗ Hc2 ⊗ Hx1 ⊗ Hx2 ≡ H⊗2c ⊗ H⊗2x . Hx1 = span{|x1〉 : x1 ∈ aZ}, Hx2 =
span{|x2〉 : x2 ∈ aZ} correspond to the position Hilbert spaces of the first and second particles, respectively.
Hc1 = span{(1 0)T , (0 1)T }, Hc2 = span{(1 0)T , (0 1)T } correspond to the coin Hilbert spaces of the first and
second particles, respectively. Note that, we have synchronized the time-steps of both the particles to the time-step
t — same for both, which is a special case. The shift operators for the individual particle are now defined as
Sr+ =
∑
xr
(
1 0
0 0
)
⊗ |xr + a〉 〈xr|+
(
0 0
0 1
)
⊗ |xr〉 〈xr| , Sr− =
∑
xr
(
1 0
0 0
)
⊗ |xr〉 〈xr|+
(
0 0
0 1
)
⊗ |xr − a〉 〈xr| ,
(62)
where r = 1 and r = 2 are for the first and the second particles, respectively. Therefore,
S1+ ⊗ S2+ =
∑
x1,x2
(
1 0
0 0
)
⊗
(
1 0
0 0
)
⊗ |x1 + a, x2 + a〉 〈x1, x2|+
(
1 0
0 0
)
⊗
(
0 0
0 1
)
⊗ |x1 + a, x2〉 〈x1, x2|
+
(
0 0
0 1
)
⊗
(
1 0
0 0
)
⊗ |x1, x2 + a〉 〈x1, x2|+
(
0 0
0 1
)
⊗
(
0 0
0 1
)
⊗ |x1, x2〉 〈x1, x2| (63)
and,
S1− ⊗ S2− =
∑
x1,x2
(
1 0
0 0
)
⊗
(
1 0
0 0
)
⊗ |x1, x2〉 〈x1, x2|+
(
1 0
0 0
)
⊗
(
0 0
0 1
)
⊗ |x1, x2 − a〉 〈x1, x2|
+
(
0 0
0 1
)
⊗
(
1 0
0 0
)
⊗ |x1 − a, x2〉 〈x1, x2|+
(
0 0
0 1
)
⊗
(
0 0
0 1
)
⊗ |x1 − a, x2 − a〉 〈x1, x2| . (64)
The coin operators are now defined as
Cj(t, τ) =
∑
x1,x2
exp
(
− i
3∑
α,β=0
C αβj (x1, x2, t, τ) σα ⊗ σβ
)
⊗ |x1〉 〈x1| ⊗ |x2〉 〈x2| for j = 1, 2
where C αβj (x1, x2, t, τ) has to be real for all j, α, β, x1, x2, t, τ in order to make the coin operations unitary. (65)
The shift operators in eqs. (63)-(64) are symmetric in joint exchange of coin and position indices of the two particles.
The coin operator in (65) is not in general symmetric in joint exchange of coin and position indices of the two particles
unless symmetrization imposed on the functions C αβj (x1, x2, t, τ). Hence, this kind of evolution operator can capture
distinguishable as well as indistinguishable two-particle evolution depending on the functional form of C αβj (x1, x2, t, τ).
In the separable coin operation case while there is no interaction among the particles we must have C αβj (x1, x2, t, τ) =
0 for all α, β ∈ {1, 2, 3} and any x, t, τ . Thus for the nontrivial case — when these coefficients are nonzero, the particles
can be in general entangled in their coin space by the whole SS-DQW evolution. Here our main purpose is to study the
emergence of the curvature effects from the coin-coin entanglement, so, we will choose to work in a special entangled
coin operations:
C 11j (x1, x2, t, τ) = θj(x1, x2, t, τ) and all other C
αβ
j (x1, x2, t, τ) = 0.
Therefore,
Cj(t, τ) =
∑
x1,x2
 cos[θj(x1, x2, t, τ)]
 1 0 0 00 1 0 00 0 1 0
0 0 0 1
− i sin[θj(x1, x2, t, τ)]
 0 0 0 10 0 1 00 1 0 0
1 0 0 0

⊗ |x1〉 〈x1| ⊗ |x2〉 〈x2| .
(66)
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Our choice of the whole coin operators is already symmetric in two-particle coin states, so it may describe indistin-
guishable particles if θj(x1, x2, t, τ) = θj(|x1 − x2|, t, τ).
We will consider the case when θj(x1, x2, t, τ) are analytic in all of their arguments for all j = 1, 2. So, we can
consider the Taylor series expansion in variable τ as
θj(x1, x2, t, τ) = θj(x1, x2, t, 0) + τϑj(x1, x2, t), (67)
where the higher order terms in τ are chosen to be zero.
Following the same procedure as in the case of the single particle, we get the effective two-particle Hamiltonian:
Htwoeff = (σ0 ⊗ σ3)⊗ Ξ03(xˆ1, xˆ2, t) + c(σ0 ⊗ σ3)⊗Θ203(xˆ1, xˆ2, t)I1 ⊗ pˆ2
+(σ3 ⊗ σ0)⊗ Ξ30(xˆ1, xˆ2, t) + c(σ3 ⊗ σ0)⊗Θ130(xˆ1, xˆ2, t)pˆ1 ⊗ I2
+(σ1 ⊗ σ2)⊗ Ξ12(xˆ1, xˆ2, t) + c(σ1 ⊗ σ2)⊗Θ212(xˆ1, xˆ2, t)I1 ⊗ pˆ2
+(σ2 ⊗ σ1)⊗ Ξ21(xˆ1, xˆ2, t) + c(σ2 ⊗ σ1)⊗Θ121(xˆ1, xˆ2, t)pˆ1 ⊗ I2
+(σ1 ⊗ σ1)⊗ Ξ11(xˆ1, xˆ2, t). (68)
where Ξµν(xˆ1, xˆ2, t) :=
∑
x1,x2
Ξµν(x1, x2, t) |x1, x2〉 〈x1, x2| and Θµν(xˆ1, xˆ2, t) :=
∑
x1,x2
Θµν(x1, x2, t) |x1, x2〉 〈x1, x2|.
For detailed derivation and the explicit expression of the coefficient functions of the two-particle Hamiltonian see
Appendix E.
The two-particle effective Hamiltonian can be split into three parts as
Htwoeff = H
1
eff ⊗ σ0 + σ0 ⊗H2eff +H intereff . (69)
Here
H1eff = σ3 ⊗
[
Ξ30(xˆ1, xˆ2, t) + cΘ
1
30(xˆ1, xˆ2, t)pˆ1 ⊗ I2
]
(70)
looks like local Hamiltonian part for the first particle whose effective mass = 0 and the curved nature of space-time
which is influenced by the presence of the second particle, is captured by the term Θ130(x1, x2, t), and
H2eff = σ3 ⊗
[
Ξ03(xˆ1, xˆ2, t) + cΘ
2
03(xˆ1, xˆ2, t)I1 ⊗ pˆ2
]
(71)
looks like local Hamiltonian part for the second particle whose effective mass = 0 and the curved nature of space-time
which is influenced by the presence of the first particle, is captured by the term Θ203(x1, x2, t).
The part H intereff of the Hamiltonian has no proper local analogy. This appears as a purely two-particle interaction
term originated from the entangled coin operations.
Note: The coin operation is global, which can entangle two separable particles, and this entanglement has in
general nonlocal features. Thus implementation by local operation is in general impossible. But the coefficients (or
strength) of the interaction term controlled by C αβj (x1, x2, t, τ) are functions of positions of both the particles and
time. If one consider the functions C αβj (x1, x2, t, τ) = 0 outside the light-cone, the interaction can be made local. In
case of quantum simulation these particles are usually very near to each other, i.e., the distance between the particles
is hardly space-like. Almost of all the simulation cases they remain within time-like distance, so that information
transfer from one to another is possible during any bipartite local operation. Once local and two-particle controlled
local simulators implement σα⊗σβ operations, an entanglement between these particles can be created. After that it
is possible that they possess nonlocal nature in Bell inequality violation sense, when get separated beyond light-like
distance. At the current stage we do not have any explanation of this nonlocal interaction in terms of any gauge
boson exchange. This is very interesting point, and need further investigation.
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1. For a special functional forms of the coin parameters:
For an example, we will deal with a case when θ2(x1, x2, t, 0) = −2θ1(x1, x2, t, 0) = cos−1
[
(x1 − x2)2
]
. In this case
the terms of the two-particle effective Hamiltonian in eq. (68) become
Ξ03(x1, x2, t) =
i~c
2
sin[θ2(x1, x2, t, 0)]∂x2θ2(x1, x2, t, 0) = i~c(x1 − x2),
Θ203(x1, x2, t) = cos[θ2(x1, x2, t, 0)] = (x1 − x2)2,
Ξ30(x1, x2, t) =
i~c
2
sin[θ2(x1, x2, t, 0)]∂x1θ2(x1, x2, t, 0) = −i~c(x1 − x2),
Θ130(x1, x2, t) = cos[θ2(x1, x2, t, 0)] = (x1 − x2)2,
Ξ11(x1, x2, t) = −~c
2
[
∂x2θ2(x1, x2, t, 0) + ∂x1θ2(x1, x2, t, 0)
]
+ ~
[
ϑ1(x1, x2, t) + ϑ2(x1, x2, t)
]
= ~
[
ϑ1(x1, x2, t) + ϑ2(x1, x2, t)
]
,
Ξ12(x1, x2, t) = 0, Θ
2
12(x1, x2, t) = 0, Ξ21(x1, x2, t) = 0, Θ
1
21(x1, x2, t) = 0. (72)
Therefore the Hamiltonian takes the form
Htwoeff = i~c(σ0 ⊗ σ3)⊗ (xˆ1 ⊗ I2 − I1 ⊗ xˆ2) + c(σ0 ⊗ σ3)⊗ (xˆ1 ⊗ I2 − I1 ⊗ xˆ2)2I1 ⊗ pˆ2
−i~c(σ3 ⊗ σ0)⊗ (xˆ1 ⊗ I2 − I1 ⊗ xˆ2) + c(σ3 ⊗ σ0)⊗ (xˆ1 ⊗ I2 − I1 ⊗ xˆ2)2pˆ1 ⊗ I2
+~(σ1 ⊗ σ1)⊗
[
ϑ1(xˆ1, xˆ2, t) + ϑ2(xˆ1, xˆ2, t)
]
. (73)
IX. CONCLUSION
In this work we are able to show that single-step SS-DQW with slight modification, can simulate massive Dirac
particle dynamics under the influence of external abelian gauge potential and curved space-time. The modification of
evolution operator is just an extra coin operation after applying the conventional SS-DQW. We have shown that the
same Hamiltonian can capture pseudo (1 + 1) dimensional or (2 + 1) dimensional Dirac particle dynamics when the
momentum along the hidden dimension remains fixed. We provided an implementation scheme by qubit systems which
is realizable in current experimental set-up. By increasing the dimension of the coin-space, the influence of general
U(N) gauge potential has been included in our scheme which paves a way towards simulation of four fundamental force
effects on a single Dirac particle. We extended our study to the case of two-particle SS-DQW where the interaction of
the particles is solely comes from the entangled coin operations and showed that the parameters of this entanglement
can be included in the curvature effect. Our study shows a way to investigate non-classical properties as well as the
curvature effects which are difficult to observe in real situation.
ACKNOWLEDGMENT
Authors like to thank Avijit Nath, Sagnik Chakraborty for useful mathematical discussion. CMC would like to
thank SERB, Department of Science and Technology, Government of India for the Ramanujan Fellowship grant
No.:SB/S2/RJN-192/2014.
[1] Childs, A. M. Universal Computation by Quantum Walk.markiewicz Phys. Rev. Lett.,102, 180501 (2009).
[2] Lovett, N. B., Cooper, S., Everitt, M., Trevers, M., and Kendon, V. Universal quantum computation using the discrete-time
quantum walk. Phys. Rev. A, 81, 042330 (2010).
[3] Childs, A. M., Gosset, D., Webb, Z. Universal Computation by Multiparticle Quantum Walk. Science, 339, 791-794 (2013).
[4] Strauch, F. W. Relativistic quantum walks. Phys. Rev. A 73, 054302 (2006).
[5] Bracken, A. J., Ellinas, D., and Smyrnakis, I. Free-Dirac-particle evolution as a quantum random walk. Phys. Rev. A 75,
022322 (2007).
[6] Bisio, A., D’Ariano, G. M., Tosini, A. Quantum field as a quantum cellular automaton: The Dirac free evolution in one
dimension. Annals of Physics 354, 244264 (2015).
20
[7] Chandrashekar, C. M. Two-component Dirac-like Hamiltonian for generating quantum walk on one-, two- and three-
dimensional lattices. Scientific Reports 3, 2829 (2013).
[8] Molfetta, G. D. and Debbasch, F. Discrete-time quantum walks: Continuous limit and symmetries. Journal of Mathematical
Physics 53, 123302 (2012).
[9] DAriano, G. M., Mosco, N., Perinotti, P., and Tosini, A. Discrete Time Dirac Quantum Walk in 3+1 Dimensions. Entropy,
18, 228, (2016).
[10] Arrighi, P., Nesme, V., and Forets, M. The Dirac equation as a quantum walk: higher dimensions, observational conver-
gence. J. Phys. A: Math. Theor. 47, 465302, (2014).
[11] Sato, F., and Katori, M. Dirac equation with an ultraviolet cutoff and a quantum walk. Phys. Rev. A, 81, 012314 (2010).
[12] Chandrashekar, C. M., Banerjee, S., and Srikanth, R. Relationship between quantum walks and relativistic quantum
mechanics. Phys. Rev. A, 81, 062340 (2010).
[13] Mallick, A., Mandal, S., and Chandrashekar, C. M. Neutrino oscillations in discrete-time quantum walk framework. Eur.
Phys. J. C 77, 85, (2017).
[14] Molfetta1, G. D., and Perez, A. Quantum walks as simulators of neutrino oscillations in a vacuum and matter. New J.
Phys. 18, 103038 (2016).
[15] Martin, I. M., Molfetta, G. D., and Perez, A. Fermion confinement via quantum walks in (2+1)-dimensional and (3+1)-
dimensional space-time. Phys. Rev. A, 95, 042112 (2017).
[16] Arnault, P., Molfetta, G. D., Brachet, M., and Debbasch, F. Quantum walks and non-Abelian discrete gauge theory. Phys.
Rev. A, 94, 012335 (2016).
[17] Arnault, P., and Debbasch, F. Quantum walks and discrete gauge theories. Phys. Rev. A, 93, 052301 (2016)
[18] Quantum walks in artificial electric and gravitational fields, G. D. Molfetta, M. Brachet, F. Debbasch, Physica A, 397,
157168 (2014)
[19] Molfetta, G. D., Brachet, M., and Debbasch, F. Quantum walks as massless Dirac fermions in curved space-time. Phys.
Rev. A 88, 042301 (2013).
[20] Arrighi, P., Facchini, S., and Forets, M. Quantum walking in curved spacetime. Quantum Inf Process, 15, 3467, (2016).
[21] Arrighi, P., Facchini, S. Quantum walking in curved spacetime: (3 + 1) dimensions, and beyond. arXiv:1609.00305v2
[quant-ph].
[22] Arrighi, P., Molfetta, G. D., Facchini, S. Quantum walking in curved spacetime: discrete metric. arXiv:1711.04662v1
[quant-ph].
[23] Molfetta, G. D., Debbasch, F. Discrete-time Quantum Walks in random artificial Gauge Fields. Quantum Studies: Math-
ematics and Foundations 3.4, 293-311,(2016).
[24] Arnault, P., Debbasch, F. Quantum walks and gravitational waves. Annals of Physics 383, 645-661 (2017).
[25] Mallick, A., Chandrashekar, C. M. Dirac Quantum Cellular Automaton from Split-step Quantum Walk. Sci. Rep. 6, 25779
(2016).
[26] Kitagawa, T., Rudner, M. S., Berg, E., Demler, E. Exploring topological phases with quantum walks. Phys. Rev. A 82,
033429 (2010).
[27] Groh, T., Brakhane, S., Alt, W., Meschede, D., Asboth, J. K., and Alberti, A. Robustness of topologically protected edge
states in quantum walk experiments with neutral atoms. Phys. Rev. A, 94, 013620 (2016).
[28] Balu, R., Castillo, D., and Siopsis, G. Physical realization of topological quantum walks on IBM-Q and beyond. Quantum
Sci. Technol., 3, 035001, (2018).
[29] Flurin, E., Ramasesh, V. V., Gourgy, S. H., Martin, L. S., Yao, N. Y., and Siddiqi, I. Observing Topological Invariants
Using Quantum Walks in Superconducting Circuits. Phys. Rev. X, 7, 031023 (2017).
[30] Kitagawa, T., Broome, M. A., Fedrizzi, A., Rudner, M. S., Berg, E., Kassal, I., Guzik, A. A., Demler, E., and White, A.
G. Observation of topologically protected bound states in photonic quantum walks. Nature Communications 3, 882 (2012),
[31] Zhang, W. W., Goyal, S. K., Simon, C., and Sanders, B. C. Decomposition of split-step quantum walks for simulating
Majorana modes and edge states. Phys. Rev. A 95, 052351 (2017).
[32] Minar, J., and Gremaud, B. Mimicking Dirac fields in curved spacetime with fermions in lattices with non-unitary tunneling
amplitudes. J. Phys. A, 48, 165001 (2013).
[33] Boada, O., A Celi, A., Latorre, J. I., and Lewenstein, M. Dirac equation for cold atoms in artificial curved spacetimes.
New J. Phys., 13, 035002, (2011).
[34] Andraca, S. E. V., Ball, J. L., Burnett, K., and Bose, S., Quantum walks with entangled coins. New Journal of Physics,
7, 221 (2005).
[35] Liu, C., and Petulante, N. One-dimensional quantum random walks with two entangled coins. Phys. Rev. A 79, 032312
(2009).
[36] Liu, C., Asymptotic distributions of quantum walks on the line with two entangled coins. Quan. Inf. Process., 11, 11931205,
(2012).
[37] Chandrashekar, C. M., Busch, Th. Quantum walk on distinguishable non-interacting many-particles and indistinguishable
two-particle. Quan. Inf. Process., 11, 1287-1299 (2012).
[38] Schreiber, A., Gabris, A., Rohde, P. P., Laiho, K., Stefanak, M., Potocek, V., Hamilton, C., Jex, I., Silberhorn, Ch., A 2D
Quantum Walk Simulation of Two-Particle Dynamics. Science, 336, 55-58 (2012).
[39] Omar, Y., Paunkovic, N., Sheridan, L., and Bose, S. Quantum walk on a line with two entangled particles. Phys. Rev. A
74, 042304 (2006).
[40] Berry, S. D., and Wang, J. B., Two-particle quantum walks: Entanglement and graph isomorphism testing. Phys. Rev. A,
83, 042317 (2011).
21
[41] Carson, G. R., Loke, T., Wang, J. B. Entanglement dynamics of two-particle quantum walks. Quan. Inf. Process., 14,
3193, (2015).
[42] Wang, Q., Li, Z. J. Repelling, binding, and oscillating of two-particle discrete-time quantum walks. Annals of Physics,
373, 1-9, (2016).
[43] NG, Y. J. Selected Topics In Planck-Scale Physics. Mod. Phys. Lett. A, 18, 1073 (2003).
[44] Pikovski, I., Vanner, M. R., Aspelmeyer, M., Kim, M. S., and Brukner, C. Probing Planck-scale physics with quantum
optics. Nat. Phys. 8, 393397 (2012).
[45] Kumar, N. P., Balu, R., Laflamme, R., Chandrashekar, C. M. Bounds on the dynamics and entanglement in a periodic
quantum walks. arXiv:1711.05920 [quant-ph].
[46] Oliveira, C. G. D., Tiomno, J. Representations of Dirac Equation in General Relativity. Il Nuovo Cimento, 24, 672687,
(1962)
[47] Koke, C., Noh, C., Angelakis, D. G. Dirac equation in 2-dimensional curved spacetime, particle creation, and coupled
waveguide arrays. Annals of Physics, 374, 162178, (2016).
[48] Parthasarathy, K. R. The passage from random walk to diffusion in quantum probability. Journal of Applied Probability,
25, 151166 (1988).
[49] Aharonov, Y.,Davidovich, L., and Zagury, N. Quantum random walks. Phys. Rev. A 48, 1687-1690 (1993).
[50] Mayer, D. A. From quantum cellular automata to quantum lattice gases. J. Stat. Phys. 85, 551 (1996).
[51] Rab, A. S. Entanglement of photons in their dual wave-particle nature, Nat. Comm. 8, 915, (2017).
[52] Markiewicz, M., Kaszlikowski, D., Kurzynski, P., Wojcik, A. From contextuality of a single photon to realism of an
electromagnetic wave, arXiv:1801.02338v1 [quant-ph](2018).
[53] Nielsen, H. B., Ninomiya, M. Absence of neutrinos on a lattice: (I). Proof by homotopy theory.
Nucl. Phys. B, 185, 20, (1981).
[54] Nielsen, H. B., Ninomiya, M. A no-go theorem for regularizing chiral fermions. Phys. Lett. B, 105, 219, (1981).
[55] Bialynicki-Birula I. Weyl, Dirac, and Maxwell equations on a lattice as unitary cellular automata. Phys. Rev. D 49, 6920
(1994).
[56] Quinn, H. R., Weinstein, M. Lattice theories of chiral fermions. and Phys. Rev. D 34, 2440 (1986).
Appendix
Appendix A: Derivation of Schrdinger like equation form curved space-time Dirac equation
Flat space-time Dirac equation is given by (
i~γ(a)∂(a) −mc2
)
ψ = 0,
where ∂(a) or later used ∂µ ∈ {∂t, c ∂xi such that i = 1, 2, 3.}. Generalization to the curved space-time is given by(
i~eµ
(a)
γ(a)∇µ −mc2
)
ψ = 0, (A1)
where ∇µ = ∂µ + Γµ − iAµ, Γµ = − i4S(c)(d)e(c)ν
(
∂e
(d)
ν
∂xµ
− Γλµνe(d)λ
)
, Γσλµ =
1
2
gνσ
(
∂λgµν + ∂µgλν − ∂νgµλ
)
, and S(c)(d) are the flat
spinor matrices: S(c)(d) =
i
2
[γ(c), γ(d)], Aµ is the U(1) potential. Now in view of the following relations,
γ(a)S(b)(c) =
1
2
[γ(a), S(b)(c)] +
1
2
{γ(a), S(b)(c)}, [γ(a), S(b)(c)] = 2i
(
η(a)(b)γ(c) − η(a)(c)γ(b)
)
,
{γ(a), S(b)(c)} = −2i(a)(b)(c)(d)γ(d)γ5; γ5 = γ(0)γ(1)γ(2)γ(3),
it is possible to write eq. (A1) as,
i~
2
γ(a)
[{
eµ
(a)
,
(
∂
∂xµ
− iAµ
)}
+ eρ
(a)
Γµµρ
]
ψ +
i~
2
γ(a)γ5B(a)ψ = mc2ψ, (A2)
where B(a) = 12 (a)(b)(c)(d)e(b)µe(c)ν ∂e
(d)
ν
∂xµ
; For (1 + 1) and (2 + 1) dimensions (a)(b)(c)(d) is always zero, so B(a) = 0.
To derive the current density we need to derive also the dual equation satisfied by ψ¯ = ψ†β, where β = γ(0) and it is given by the
following equation, with the assumption that all the vielbeins are real,
i~
2
[{
eµ
(a)
,
(
∂
∂xµ
+ iAµ
)}
+ eρ
(a)
Γµµρ
]
ψ¯γ(a) − i~
2
γ(a)γ5B(a)ψ¯ = −mc2ψ¯, (A3)
From eq. (A2) and eq. (A3) it is possible to derive the four vector current jµ, and they are given as
jµ =
√−geµ
(a)
ψ¯γ(a)ψ ⇒ j0 = √−ge0(0)ψ†ψ +
√−ge0(i)ψ¯γ(i)ψ, (A4)
where g = det(gµν) and the current is conserved, i.e.
∂jµ
∂xµ
= 0. We want to write the curved space-time Dirac equation in the following
Schrdinger equation like form
i~
∂χ
∂t
= Hχ, (A5)
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where H is the Hermitian Hamiltonian operator. So the probability density is given by, j0 = χ†χ. After we multiply eq. (A2) by β, we
get a similar equation like eq. (A5)
i~
2
α(a)
[{
eµ
(a)
,
(
∂
∂xµ
− iAµ
)}
+ eρ
(a)
Γµµρ
]
ψ = mc2βψ,
i~
2
{
e0(0),
(
∂
∂t
− iA0
)}
ψ = − i~
2
α(a)
{
ei(a), c
∂
∂xi
− iAi
}
ψ − i~
2
α(a)eρ
(a)
Γµµρψ +mc
2βψ (A6)
where α(a) = βγ(a). However this Hamiltonian is not hermitian and the current is also not same as eq. (A4). In this case current is given
by,
j0 =
√−ge0(0)ψ†ψ. (A7)
Comparisons of eq. (A4) and eq. (A7) suggests that we must make nonunitary transformation (with the assumption e0
(i)
= 0),
χ = (−g) 14
[
e0(0)
] 1
2
ψ. (A8)
Now we will use this transformation in eq. (A6) to write ψ in terms of χ.{
e0(0),
(
∂
∂t
− iA0
)}
ψ = 2e0(0)
∂ψ
∂t
− 2ie0(0)A0ψ +
∂e0
(0)
∂t
ψ
= (−g)− 14
[
−
[
e0(0)
]− 1
2
∂e0
(0)
∂t
χ+ 2
[
e0(0)
] 1
2 ∂χ
∂t
+
∂e0
(0)
∂t
[
e0(0)
]− 1
2
χ
]
+ 2
[
e0(0)
] 1
2 ∂(−g)−
1
4
∂t
χ− 2i
[
e0(0)
] 1
2
A0(−g)− 14 χ
= (−g)− 14 2
[
e0(0)
] 1
2 ∂χ
∂t
+ 2
[
e0(0)
] 1
2 ∂(−g)−
1
4
∂t
χ− 2i
[
e0(0)
] 1
2
A0(−g)− 14 χ . (A9)
Similarly, {
ei(a),
∂
∂xi
− iAi
}
ψ = 2ei(a)
∂ψ
∂xi
+
∂ei
(a)
∂xi
ψ − 2iei(a)Aiψ
= 2ei(a)
[e0(0)]− 12 ∂(−g)− 14∂xi χ+ (−g)− 14 [e0(0)]−
1
2 ∂χ
∂xi
+ (−g)− 14
∂
[
e0
(0)
]− 1
2
∂xi
χ

+
∂ei
(a)
∂xi
(−g)− 14
[
e0(0)
]− 1
2
χ− 2iei(a)Ai(−g)−
1
4
[
e0(0)
]− 1
2
χ (A10)
and,
Γµµρ =
1
2
gµλ
{
∂gλµ
∂xρ
+
∂gλρ
∂xµ
− ∂gµρ
∂xλ
}
=
1
2
{
gµλ
∂gλµ
∂xρ
+
∂gλρ
∂xλ
− ∂gµρ
∂xρ
}
=
1
2
gµλ
∂gλµ
∂xρ
. (A11)
We can evaluate this easily by using the following relation for any arbitrary matrix M,
Tr
{
M−1(x)
∂
∂xλ
M(x)
}
=
∂
∂xλ
ln[detM(x)] (A12)
So, Γµµρ =
1
2
∂
∂xρ
ln g = 1√
g
∂
∂xρ
√
g. Finally using all the relations described above, we can write,
i~
∂χ
∂t
=
[
e0(0)
]−1− ~[e0(0)]A0 + i~4 [e0(0)]∂ ln(−g)∂t − i~α(a)ei(a)
[
− c
4
∂ ln(−g)
∂xi
+ c
∂
∂xi
− c
2
∂ ln e0
(0)
∂xi
]
− i~
2
α(a)c
∂ei
(a)
∂xi
− ~α(a)ei(a)Ai −
i~
2
α(a)eρ
(a)
Γµµρ +mc
2β
χ (A13)
Now using e0
(i)
= 0 (which will not make any lose of generalization as the number of independent vielbeins in the metric is less than the
total number of vielbeins—see ref. [46] for details) and the properties in eqs. (A11), (A12) we can show that second, third, and eighth
terms of the above equation will cancel with each other. Finally we can write,
i~
∂χ
∂t
=
[
e0(0)
]−1− ~[e0(0)]A0 − i~c α(a)ei(a)
[
∂
∂xi
− 1
2
∂ ln e0
(0)
∂xi
]
− i~
2
α(a)c
∂ei
(a)
∂xi
− ~α(a)ei(a)Ai +mc2β
χ
⇒ i~∂χ
∂t
= −~A0χ− i~c α(a)
ei
(a)
e0
(0)
∂χ
∂xi
− i~c
2
α(a)
∂
∂xi
[
ei
(a)
e0
(0)
]
χ− ~α(a)
[
ei
(a)
e0
(0)
]
Aiχ+ β
mc2
e0
(0)
χ (A14)
So, in operator terms the above eq. (A14) can be expressed as:
H = −~A0 + c α(a)
[
ei
(a)
e0
(0)
]
pˆi − i~c
2
α(a)
∂
∂xi
[
ei
(a)
e0
(0)
]
− ~α(a)
[
ei
(a)
e0
(0)
]
Ai + β
mc2
e0
(0)
. (A15)
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Appendix B: Expansion of the single particle conventional SS-DQW Evolution operator
The conventional single particle SS-DQW unitary evolution operator
U(t, τ) =
∑
x
( |x+ a〉 〈x| 0
0 |x〉 〈x|
)
·
∑
x
 eiξ2(x,t,τ)F2(x, t, τ) |x〉 〈x| eiξ2(x,t,τ)G2(x, t, τ) |x〉 〈x|
−eiξ2(x,t,τ)G∗2(x, t, τ) |x〉 〈x| eiξ2(x,t,τ)F ∗2 (x, t, τ) |x〉 〈x|

·
∑
x
( |x〉 〈x| 0
0 |x− a〉 〈x|
)
·
∑
x
 eiξ1(x,t,τ)F1(x, t, τ) |x〉 〈x| eiξ1(x,t,τ)G1(x, t, τ) |x〉 〈x|
−eiξ1(x,t,τ)G∗1(x, t, τ) |x〉 〈x| eiξ1(x,t,τ)F ∗1 (x, t, τ) |x〉 〈x|

=
∑
x
 eiξ2(x,t,τ)F2(x, t, τ) |x+ a〉 〈x| eiξ2(x,t,τ)G2(x, t, τ) |x+ a〉 〈x|
−eiξ2(x,t,τ)G∗2(x, t, τ) |x〉 〈x| eiξ2(x,t,τ)F ∗2 (x, t, τ) |x〉 〈x|

·
∑
x
 eiξ1(x,t,τ)F1(x, t, τ) |x〉 〈x| eiξ1(x,t,τ)G1(x, t, τ) |x〉 〈x|
−eiξ1(x,t,τ)G∗1(x, t, τ) |x− a〉 〈x| eiξ1(x,t,τ)F ∗1 (x, t, τ) |x− a〉 〈x|

(B1)
We now expand the unitary evolution operators in eq. (B1) upto first order in variables τ and a. We use here the definition of generator
of translation as:
e∓
ipˆa
~ =
∑
x
|x± a〉 〈x| ⇒ |x± a〉 = e∓ ipˆa~ |x〉 = |x〉 ∓ ia
~
pˆ |x〉+O(a2) |x〉 .
From the calculation in eq. (B1) we get the matrix elements of U(t, τ) in coin basis as follows
• The first-row first-column term of SS-DQW Evolution operator in coin-basis
U00(t, τ) =
∑
x
ei[ξ1(x,t,τ)+ξ2(x,t,τ)]F2(x, t, τ)F1(x, t, τ) |x+ a〉 〈x| − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)G∗1(x, t, τ) |x〉 〈x|
=
∑
x
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)F1(x− a, t, τ) |x〉 〈x| e−
ipˆa
~ − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)G∗1(x, t, τ) |x〉 〈x| .
(B2)
• The first-row second-column term of SS-DQW Evolution operator in coin-basis
U01(t, τ) =
∑
x
ei[ξ1(x,t,τ)+ξ2(x,t,τ)]F2(x, t, τ)G1(x, t, τ) |x+ a〉 〈x|+ ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)F ∗1 (x, t, τ) |x〉 〈x|
=
∑
x
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)G1(x− a, t, τ) |x〉 〈x| e
−ipˆa
~ + ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)F ∗1 (x, t, τ) |x〉 〈x| .
(B3)
• The second-row first-column term of SS-DQW Evolution operator in coin-basis
U10(t, τ) =
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)F1(x, t, τ) |x〉 〈x| − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]F ∗2 (x− a, t, τ)G∗1(x, t, τ) |x− a〉 〈x|
=
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)F1(x, t, τ) |x〉 〈x| − ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)G∗1(x+ a, t, τ) |x〉 〈x| e
ipˆa
~ . (B4)
• The second-row second-column term of SS-DQW Evolution operator in coin-basis
U11(t, τ) =
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)G1(x, t, τ) |x〉 〈x|+ ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]F ∗2 (x− a, t, τ)F ∗1 (x, t, τ) |x− a〉 〈x|
=
∑
x
−ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)G1(x, t, τ) |x〉 〈x|+ ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)F ∗1 (x+ a, t, τ) |x〉 〈x| e
ipˆa
~ .
(B5)
Therefore,
1. the first-row first-column term of our modified Evolution operator in coin-basis
U00(t, τ) = U
†
00(t, 0)U00(t, τ) + U
†
10(t, 0)U10(t, τ) =
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
F ∗2 (x, t, 0)F
∗
1 (x, t, 0)−G∗2(x, t, 0)G1(x, t, 0)
]
×
[
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)F1(x− a, t, τ) |x〉 〈x| e−
ipˆa
~ − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)G∗1(x, t, τ) |x〉 〈x|
]
+
∑
x
−e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
G2(x, t, 0)F
∗
1 (x, t, 0) + F2(x, t, 0)G1(x, t, 0)
]
×
[
− ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)F1(x, t, τ) |x〉 〈x| − ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)G∗1(x+ a, t, τ) |x〉 〈x| e
ipˆa
~
]
(B6)
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⇒ U00(t, τ)−
∑
x
|x〉 〈x| =
− ia
~
∑
x
[
|F2(x, t, 0)|2|F1(x, t, 0)|2 − |F2(x, t, 0)|2|G1(x, t, 0)|2 − 2<{G∗2(x, t, 0)F1(x, t, 0)F2(x, t, 0)G1(x, t, 0)}
]
|x〉 〈x| pˆ
+
∑
x
{
τ
[
F ∗1 (x, t, 0)f1(x, t, 0) + g
∗
1(x, t, 0)G1(x, t, 0) +G
∗
2(x, t, 0)g2(x, t, 0) + F2(x, t, 0)f
∗
2 (x, t, 0)
]
+2iτ=
[
f2(x, t, 0)F
∗
2 (x, t, 0)|F1(x, t, 0)|2 − f2(x, t, 0)G1(x, t, 0)F1(x, t, 0)G∗2(x, t, 0) + g∗2(x, t, 0)G2(x, t, 0)|F1(x, t, 0)|2
+g∗2(x, t, 0)F2(x, t, 0)F1(x, t, 0)G1(x, t, 0)
]
+ a∂xF2(x, t, 0)
[
F1(x, t, 0)G1(x, t, 0)G
∗
2(x, t, 0)− |F1(x, t, 0)|2F ∗2 (x, t, 0)
]
+a∂xF1(x, t, 0)
[
F2(x, t, 0)G1(x, t, 0)G
∗
2(x, t, 0)− |F2(x, t, 0)|2F ∗1 (x, t, 0)
]
+a∂xG2(x, t, 0)
[
F ∗2 (x, t, 0)F
∗
1 (x, t, 0)G
∗
1(x, t, 0)− |G1(x, t, 0)|2G∗2(x, t, 0)
]
+a∂xG
∗
1(x, t, 0)
[
G2(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0) +G1(x, t, 0)|F2(x, t, 0)|2
]
+ iτ [λ1(x, t, 0) + λ2(x, t, 0)]
−ia∂xξ1(x, t, 0)
(
|F2(x, t, 0)|2|F1(x, t, 0)|2 − |F2(x, t, 0)|2|G1(x, t, 0)|2 − 2<[F2(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)G1(x, t, 0)]
)
−ia∂xξ2(x, t, 0)
(
|F2(x, t, 0)|2|F1(x, t, 0)|2 + |G2(x, t, 0)|2|G1(x, t, 0)|2 − 2<[F2(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)G1(x, t, 0)]
)}
|x〉 〈x|+O(τ2),
(B7)
where we have used the definition
Fj(x, t, τ) = Fj(x, t, 0) + τfj(x, t) +O(τ2), Gj(x, t, τ) = Gj(x, t, 0) + τgj(x, t) +O(τ2), ξj(x, t, τ) = ξj(x, t, 0) + τλj(x, t) +O(τ2), (B8)
2. the first-row second-column term of our modified Evolution operator in coin-basis
U01(t, τ) = U
†
00(t, 0)U01(t, τ) + U
†
10(t, 0)U11(t, τ)
=
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
F ∗2 (x, t, 0)F
∗
1 (x, t, 0)−G∗2(x, t, 0)G1(x, t, 0)
]
[
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)G1(x− a, t, τ) |x〉 〈x| e
−ipˆa
~ + ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)F ∗1 (x, t, τ) |x〉 〈x|
]
+
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
−G2(x, t, 0)F ∗1 (x, t, 0)− F2(x, t, 0)G1(x, t, 0)
]
[
− ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)G1(x, t, τ) |x〉 〈x|+ ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)F ∗1 (x+ a, t, τ) |x〉 〈x| e
ipˆa
~
]
(B9)
⇒
25
U01(t, τ) =
∑
x
− ia
~
[
2|F2(x, t, 0)|2G1(x, t, 0)F ∗1 (x, t, 0)− F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2 + F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2G2(x, t, 0)
] |x〉 〈x| pˆ
+
∑
x
{
− a∂xG1(x, t, 0)
[
|F2(x, t, 0)|2F ∗1 (x, t, 0)−G∗2(x, t, 0)G1(x, t, 0)F2(x, t, 0)
]
−a∂xF2(x, t, 0)
[
F ∗2 (x, t, 0)F
∗
1 (x, t, 0)G1(x, t, 0)−G∗2(x, t, 0)[G1(x, t, 0)]2
]
−a∂xG2(x, t, 0)
[
F ∗2 (x, t, 0)[F
∗
1 (x, t, 0)]
2 − F ∗1 (x, t, 0)G1(x, t, 0)G∗2(x, t, 0)
]
−a∂xF ∗1 (x, t, 0)
[
G2(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0) +G1(x, t, 0)|F2(x, t, 0)|2
]
+τ
[
g1(x, t, 0)F
∗
1 (x, t, 0)− f∗1 (x, t, 0)G1(x, t, 0)
]
+ τg∗2(x, t, 0)
[
F2(x, t, 0)[G1(x, t, 0)]
2 + F ∗1 (x, t, 0)G1(x, t, 0)G2(x, t, 0)
]
−τf∗2 (x, t, 0)[G2(x, t, 0)[F ∗1 (x, t, 0)]2 +G1(x, t, 0)F2(x, t, 0)F ∗1 (x, t, 0)]
+τg2(x, t, 0)
[
[F ∗1 (x, t, 0)]
2F ∗2 (x, t, 0)− F ∗1 (x, t, 0)G1(x, t, 0)G∗2(x, t, 0)
]
+τf2(x, t, 0)
[
G1(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0)− [G1(x, t, 0)]2G∗2(x, t, 0)
]
−ia∂xξ1(x, t, 0)
[
2|F2(x, t, 0)|2G1(x, t, 0)F ∗1 (x, t, 0) +G2(x, t, 0)F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2 −G∗2(x, t, 0)F2(x, t, 0)[G1(x, t, 0)]2
]
−ia∂xξ2(x, t, 0)
[
G1(x, t, 0)F
∗
1 (x, t, 0)
[|F2(x, t, 0)|2 − |G2(x, t, 0)|2]
−F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2 +G2(x, t, 0)F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2
]}
|x〉 〈x|+O(τ2),
(B10)
where we have used the definition
Fj(x, t, τ) = Fj(x, t, 0) + τfj(x, t) +O(τ2), Gj(x, t, τ) = Gj(x, t, 0) + τgj(x, t) +O(τ2), ξj(x, t, τ) = ξj(x, t, 0) + τλj(x, t) +O(τ2),
(B11)
3. the second-row first-column term of our modified Evolution operator in coin-basis
U10(t, τ) = U
†
01(t, 0)U00(t, τ) + U
†
11(t, 0)U10(t, τ)
=
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
F ∗2 (x, t, 0)G
∗
1(x, t, 0) +G
∗
2(x, t, 0)F1(x, t, 0)
]
[
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)F1(x− a, t, τ) |x〉 〈x| e−
ipˆa
~ − ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)G∗1(x, t, τ) |x〉 〈x|
]
+
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
−G2(x, t, 0)G∗1(x, t, 0) + F2(x, t, 0)F1(x, t, 0)
]
[
− ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)F1(x, t, τ) |x〉 〈x| − ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)G∗1(x+ a, t, τ) |x〉 〈x| e
ipˆa
~
]
(B12)
⇒
26
U10(t, τ) =
∑
x
− ia
~
[
2|F2(x, t, 0)|2G∗1(x, t, 0)F1(x, t, 0)− F ∗2 (x, t, 0)G2(x, t, 0)[G∗1(x, t, 0)]2 + F2(x, t, 0)[F1(x, t, 0)]2G∗2(x, t, 0)
] |x〉 〈x| pˆ
+
∑
x
{
− a∂xF2(x, t, 0)
[
F1(x, t, 0)F
∗
2 (x, t, 0)G
∗
1(x, t, 0) + [F1(x, t, 0)]
2G∗2(x, t, 0)
]
−a∂xF1(x, t, 0)
[
|F2(x, t, 0)|2G∗1(x, t, 0) + F2(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)
]
+a∂xG2(x, t, 0)
[
F ∗2 (x, t, 0)[G
∗
1(x, t, 0)]
2 +G∗1(x, t, 0)G
∗
2(x, t, 0)F1(x, t, 0)
]
−a∂xG∗1(x, t, 0)
[
|F2(x, t, 0)|2F1(x, t, 0)− F ∗2 (x, t, 0)G2(x, t, 0)G∗1(x, t, 0)
]
+τ
[
f1(x, t, 0)G
∗
1(x, t, 0)− g∗1(x, t, 0)F1(x, t, 0)
]
+ τf2(x, t, 0)
[
F1(x, t, 0)F
∗
2 (x, t, 0)G
∗
1(x, t, 0) + [F1(x, t, 0)]
2G∗2(x, t, 0)
]
−τg2(x, t, 0)
[
F ∗2 (x, t, 0)[G
∗
1(x, t, 0)]
2 + F1(x, t, 0)G
∗
1(x, t, 0)G
∗
2(x, t, 0)
]
−τg∗2(x, t, 0)
[
F2(x, t, 0)[F1(x, t, 0)]
2 − F1(x, t, 0)G2(x, t, 0)G∗1(x, t, 0)
]
−τf∗2 (x, t, 0)
[
G∗1(x, t, 0)F1(x, t, 0)F2(x, t, 0)−G2(x, t, 0)[G∗1(x, t, 0)]2
]
−ia∂xξ1(x, t, 0)
[
2|F2(x, t, 0)|2F1(x, t, 0)G∗1(x, t, 0) + [F1(x, t, 0)]2F2(x, t, 0)G∗2(x, t, 0)− F ∗2 (x, t, 0)[G∗1(x, t, 0)]2G2(x, t, 0)
]
−ia∂xξ2(x, t, 0)
[
|F2(x, t, 0)|2F1(x, t, 0)G∗1(x, t, 0)− |G2(x, t, 0)|2F1(x, t, 0)G∗1(x, t, 0) + [F1(x, t, 0)]2F2(x, t, 0)G∗2(x, t, 0)
−G2(x, t, 0)[G∗1(x, t, 0)]2F ∗2 (x, t, 0)
]}
|x〉 〈x|+O(τ2),
(B13)
where we have used the definition
Fj(x, t, τ) = Fj(x, t, 0) + τfj(x, t) +O(τ2), Gj(x, t, τ) = Gj(x, t, 0) + τgj(x, t) +O(τ2), ξj(x, t, τ) = ξj(x, t, 0) + τλj(x, t) +O(τ2),
(B14)
4. the second-row second-column term of our modified Evolution operator in coin-basis
U11(t, τ) = U
†
01(t, 0)U01(t, τ) + U
†
11(t, 0)U11(t, τ)
=
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
F ∗2 (x, t, 0)G
∗
1(x, t, 0) +G
∗
2(x, t, 0)F1(x, t, 0)
]
[
ei[ξ1(x−a,t,τ)+ξ2(x−a,t,τ)]F2(x− a, t, τ)G1(x− a, t, τ) |x〉 〈x| e
−ipˆa
~ + ei[ξ1(x,t,τ)+ξ2(x−a,t,τ)]G2(x− a, t, τ)F ∗1 (x, t, τ) |x〉 〈x|
]
+
∑
x
e−i[ξ1(x,t,0)+ξ2(x,t,0)]
[
−G2(x, t, 0)G∗1(x, t, 0) + F2(x, t, 0)F1(x, t, 0)
]
[
− ei[ξ1(x,t,τ)+ξ2(x,t,τ)]G∗2(x, t, τ)G1(x, t, τ) |x〉 〈x|+ ei[ξ1(x+a,t,τ)+ξ2(x,t,τ)]F ∗2 (x, t, τ)F ∗1 (x+ a, t, τ) |x〉 〈x| e
ipˆa
~
]
(B15)
⇒
27
U11(t, τ)−
∑
x
|x〉 〈x|
=
∑
x
−ia
~
[|F2(x, t, 0)|2|G1(x, t, 0)|2 − |F2(x, t, 0)|2|F1(x, t, 0)|2 + 2<{F1(x, t, 0)F2(x, t, 0)G1(x, t, 0)G∗2(x, t, 0)}] |x〉 〈x| pˆ
+
∑
x
{
− a∂xG2(x, t, 0)
[
F ∗1 (x, t, 0)F
∗
2 (x, t, 0)G
∗
1(x, t, 0) + |F1(x, t, 0)|2G∗2(x, t, 0)
]
−a∂xF2(x, t, 0)
[
F ∗2 (x, t, 0)|G1(x, t, 0)|2 +G1(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)
]
−a∂xG1(x, t, 0)
[
|F2(x, t, 0)|2G∗1(x, t, 0) + F1(x, t, 0)F2(x, t, 0)G∗2(x, t, 0)
]
+a∂xF
∗
1 (x, t, 0)
[
F1(x, t, 0)|F2(x, t, 0)|2 − F ∗2 (x, t, 0)G2(x, t, 0)G∗1(x, t, 0)
]
+τ
[
g1(x, t, 0)G
∗
1(x, t, 0) + F1(x, t, 0)f
∗
1 (x, t, 0) + g
∗
2(x, t, 0)G2(x, t, 0) + f2(x, t, 0)F
∗
2 (x, t, 0)
]
+2iτ=
[
g2(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0)G
∗
1(x, t, 0) + g2(x, t, 0)G
∗
2(x, t, 0)|F1(x, t, 0)|2 + f2(x, t, 0)G1(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)
−f2(x, t, 0)F ∗2 (x, t, 0)|F1(x, t, 0)|2
]
+ iτ [λ1(x, t, 0) + λ2(x, t, 0)]
−ia∂xξ1(x, t, 0)
[
|F2(x, t, 0)|2|G1(x, t, 0)|2 − |F2(x, t, 0)|2|F1(x, t, 0)|2 + 2<[F1(x, t, 0)F2(x, t, 0)G1(x, t, 0)G∗2(x, t, 0)]
]
−ia∂xξ2(x, t, 0)
[
|F2(x, t, 0)|2|G1(x, t, 0)|2 + |G2(x, t, 0)|2|F1(x, t, 0)|2 + 2<[F1(x, t, 0)F2(x, t, 0)G1(x, t, 0)G∗2(x, t, 0)]
]}
|x〉 〈x|+O(τ2),
(B16)
where we have used the definition
Fj(x, t, τ) = Fj(x, t, 0) + τfj(x, t) +O(τ2), Gj(x, t, τ) = Gj(x, t, 0) + τgj(x, t) +O(τ2), ξj(x, t, τ) = ξj(x, t, 0) + τλj(x, t) +O(τ2).
(B17)
Appendix C: Calculating the operator terms of the effective Hamiltonian for the single particle
From the previous Sections B 1-B 4 we get
U00(t, τ) +U11(t, τ)− 2
∑
x
|x〉 〈x| =
∑
x
{
2iτ [λ1(x, t, 0) + λ2(x, t, 0)]− ai=
[
F ∗2 (x, t, 0)∂xF2(x, t, 0) +G
∗
2(x, t, 0)∂xG2(x, t, 0)
]
+2ia|F2(x, t, 0)|2=
[
F1(x, t, 0)∂xF
∗
1 (x, t, 0) +G1(x, t, 0)∂xG
∗
1(x, t, 0)
]
+ 2ia=
[
F ∗1 (x, t, 0)F
∗
2 (x, t, 0)G2(x, t, 0)∂xG
∗
1(x, t, 0)
+F2(x, t, 0)G1(x, t, 0)G
∗
2(x, t, 0)∂xF1(x, t, 0)
]
− ia∂xξ2(x, t, 0)
}
|x〉 〈x|+O(τ2). (C1)
U00(t, τ)−U11(t, τ) =
−2ia
~
∑
x
[
|F2(x, t, 0)|2|F1(x, t, 0)|2 − |F2(x, t, 0)|2|G1(x, t, 0)|2 − 2<{G∗2(x, t, 0)F1(x, t, 0)F2(x, t, 0)G1(x, t, 0)}
]
|x〉 〈x| pˆ
+
∑
x
{
2iτ=
[
F ∗1 (x, t, 0)f1(x, t, 0) + g
∗
1(x, t, 0)G1(x, t, 0) +G
∗
2(x, t, 0)g2(x, t, 0) + F2(x, t, 0)f
∗
2 (x, t, 0)
]
+4iτ=
[
f2(x, t, 0)F
∗
2 (x, t, 0)|F1(x, t, 0)|2 − f2(x, t, 0)G1(x, t, 0)F1(x, t, 0)G∗2(x, t, 0)
+g∗2(x, t, 0)G2(x, t, 0)|F1(x, t, 0)|2 + g∗2(x, t, 0)F2(x, t, 0)F1(x, t, 0)G1(x, t, 0)
]
+a∂xF2(x, t, 0)
[
2F1(x, t, 0)G1(x, t, 0)G
∗
2(x, t, 0) + F
∗
2 (x, t, 0)|G1(x, t, 0)|2 − |F1(x, t, 0)|2F ∗2 (x, t, 0)
]
+2a|F2(x, t, 0)|2<
[
G1(x, t, 0)∂xG
∗
1(x, t, 0)− F1(x, t, 0)∂xF ∗1 (x, t, 0)
]
+a∂xG2(x, t, 0)
[
2F ∗2 (x, t, 0)F
∗
1 (x, t, 0)G
∗
1(x, t, 0) + |F1(x, t, 0)|2G∗2(x, t, 0)− |G1(x, t, 0)|2G∗2(x, t, 0)
]
+2a<
[
F2(x, t, 0)G1(x, t, 0)G
∗
2(x, t, 0)∂xF1(x, t, 0) + F1(x, t, 0)F2(x, t, 0)G
∗
2(x, t, 0)∂xG1(x, t, 0)
]
−ia∂xξ1(x, t, 0)
[
2|F2(x, t, 0)|2
(|F1(x, t, 0)|2 − |G1(x, t, 0)|2)− 4<[F2(x, t, 0)F1(x, t, 0)G1(x, t, 0)G∗2(x, t, 0)]]
−ia∂xξ2(x, t, 0)
[(|G2(x, t, 0)|2 − |F2(x, t, 0)|2)(|G1(x, t, 0)|2 − |F1(x, t, 0)|2)
−4<[F2(x, t, 0)F1(x, t, 0)G1(x, t, 0)G∗2(x, t, 0)]
]}
|x〉 〈x|+O(τ2). (C2)
28
U01(t, τ) +U10(t, τ) =∑
x
−2ia
~
<
[
2|F2(x, t, 0)|2G1(x, t, 0)F ∗1 (x, t, 0)− F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2 + F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2G2(x, t, 0)
]
|x〉 〈x| pˆ
+
∑
x
{
2iτ=
[
g1(x, t, 0)F
∗
1 (x, t, 0)− f∗1 (x, t, 0)G1(x, t, 0)
]
+2iτ=
[
g∗2(x, t, 0)F2(x, t, 0)[G1(x, t, 0)]
2 + g∗2(x, t, 0)F
∗
1 (x, t, 0)G1(x, t, 0)G2(x, t, 0)
−f∗2 (x, t, 0)G2(x, t, 0)[F ∗1 (x, t, 0)]2 − f∗2 (x, t, 0)G1(x, t, 0)F2(x, t, 0)F ∗1 (x, t, 0)
+g2(x, t, 0)[F
∗
1 (x, t, 0)]
2F ∗2 (x, t, 0)− g2(x, t, 0)F ∗1 (x, t, 0)G1(x, t, 0)G∗2(x, t, 0)
+f2(x, t, 0)G1(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0)− f2(x, t, 0)[G1(x, t, 0)]2G∗2(x, t, 0)
]
−2a<
[
F ∗1 (x, t, 0)|F2(x, t, 0)|2∂xG1(x, t, 0)−G∗2(x, t, 0)G1(x, t, 0)F2(x, t, 0)∂xG1(x, t, 0) + F ∗1 (x, t, 0)F ∗2 (x, t, 0)G2(x, t, 0)∂xF ∗1 (x, t, 0)
+G1(x, t, 0)|F2(x, t, 0)|2∂xF ∗1 (x, t, 0)
]
− 2a<
[
F ∗1 (x, t, 0)G1(x, t, 0)
][
F ∗2 (x, t, 0)∂xF2(x, t, 0)−G∗2(x, t, 0)∂xG2(x, t, 0)
]
−aG∗2(x, t, 0)∂xF2(x, t, 0)
(
[F1(x, t, 0)]
2 − [G1(x, t, 0)]2
)− aF ∗2 (x, t, 0)∂xG2(x, t, 0)([F ∗1 (x, t, 0)]2 − [G∗1(x, t, 0)]2)
−ia∂xξ1(x, t, 0)
[
4|F2(x, t, 0)|2<
(
G1(x, t, 0)F
∗
1 (x, t, 0)
)− 2<(G∗2(x, t, 0)F2(x, t, 0)[G1(x, t, 0)]2)+ 2<(G2F ∗2 [F ∗1 ]2)]
−ia∂xξ2(x, t, 0)
[
2|F2(x, t, 0)|2<
(
G1(x, t, 0)F
∗
1 (x, t, 0)
)− 2|G2(x, t, 0)|2<(G1(x, t, 0)F ∗1 (x, t, 0))
+2<([F1(x, t, 0)]2F2(x, t, 0)G∗2(x, t, 0))− 2<(F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2)]} |x〉 〈x|+O(τ2).
(C3)
U01(t, τ)−U10(t, τ) =
2a
~
∑
x
=
[
2|F2(x, t, 0)|2G1(x, t, 0)F ∗1 (x, t, 0)− F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2 + F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2G2(x, t, 0)
]
|x〉 〈x| pˆ
+
∑
x
{
− 2ia=
[
∂xG1(x, t, 0)
(|F2(x, t, 0)|2F ∗1 (x, t, 0)−G∗2(x, t, 0)G1(x, t, 0)F2(x, t, 0))]
−2ia=
[
∂xF
∗
1 (x, t, 0)
(
G2(x, t, 0)F
∗
1 (x, t, 0)F
∗
2 (x, t, 0) +G1(x, t, 0)|F2(x, t, 0)|2
)]− a∂xF2(x, t, 0)[2iF ∗2 (x, t, 0)=(F ∗1 (x, t, 0)G1(x, t, 0))
−G∗2(x, t, 0)[F1(x, t, 0)]2 −G∗2(x, t, 0)[G1(x, t, 0)]2
]
− a∂xG2(x, t, 0)
[
− 2iG∗2(x, t, 0)=
(
F ∗1 (x, t, 0)G1(x, t, 0)
)
+F ∗2 (x, t, 0)
(
[F ∗1 (x, t, 0)]
2 + [G∗1(x, t, 0)]
2
)]
+ 2τ<
[
g1(x, t, 0)F
∗
1 (x, t, 0)− f∗1 (x, t, 0)G1(x, t, 0)
+g∗2(x, t, 0)F2(x, t, 0)[G1(x, t, 0)]
2 + g∗2(x, t, 0)F
∗
1 (x, t, 0)G1(x, t, 0)G2(x, t, 0)− f∗2 (x, t, 0)G2(x, t, 0)[F ∗1 (x, t, 0)]2
−f∗2 (x, t, 0)G1(x, t, 0)F2(x, t, 0)F ∗1 (x, t, 0) + g2(x, t, 0)F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2
−g2(x, t, 0)F ∗1 (x, t, 0)G1(x, t, 0)G∗2(x, t, 0) + f2(x, t, 0)G1(x, t, 0)F ∗1 (x, t, 0)F ∗2 (x, t, 0)− f2(x, t, 0)[G1(x, t, 0)]2G∗2(x, t, 0)
]
+2a∂xξ1(x, t, 0)
[
2|F2(x, t, 0)|2=
(
G1(x, t, 0)F
∗
1 (x, t, 0)
)
+ =(G2(x, t, 0)F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2 −G∗2(x, t, 0)F2(x, t, 0)[G1(x, t, 0)]2)]
+2a∂xξ2(x, t, 0)
[(|F2(x, t, 0)|2 − |G2(x, t, 0)|2)=(G1(x, t, 0)F ∗1 (x, t, 0))+ =(G2(x, t, 0)F ∗2 (x, t, 0)[F ∗1 (x, t, 0)]2
−F2(x, t, 0)G∗2(x, t, 0)[G1(x, t, 0)]2
)]} |x〉 〈x|+O(τ2).
(C4)
1. Effective Hamiltonian
Using the definition
U (t, τ) = exp
(
− iHeff(t)τ
~
)
(C5)
we can write
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Heff = i~ lim
τ→0
1
τ
 U00(t, τ)−∑x |x〉 〈x| U01(t, τ)
U10(t, τ) U11(t, τ)−
∑
x |x〉 〈x|
 = σ0 ⊗ i~ lim
τ→0
1
2τ
(
U00(t, τ) +U11(t, τ)− 2
∑
x
|x〉 〈x|
)
+σ3 ⊗ i~ lim
τ→0
1
2τ
(
U00(t, τ)−U11(t, τ)
)
+ σ1 ⊗ i~ lim
τ→0
1
2τ
(
U01(t, τ) +U10(t, τ)
)
− σ2 ⊗ ~ lim
τ→0
1
2τ
(
U01(t, τ)−U10(t, τ)
)
:=
3∑
r=0
σr ⊗
∑
x
Ξr(x, t) |x〉 〈x|+ c
3∑
r=1
σr ⊗
∑
x
Θr(x, t) |x〉 〈x| pˆ. (C6)
Here for notational convenience we will omit the arguement (x, t, 0) from all the functions Fj(x, t, 0), Gj(x, t, 0), ξj(x, t, 0), and (x, t)
from λj(x, t), fj(x, t), gj(x, t) and will be represented as Fj , Gj , ξj , λj , fj , gj respectively. Then the operator terms of this effective
Hamiltonian can be written as follows
Ξ0(x, t) =
−~[λ1 + λ2] + ~c
2
=
[
F ∗2 ∂xF2 +G
∗
2∂xG2
]
− ~c|F2|2=
[
F1∂xF
∗
1 +G1∂xG
∗
1
]
− ~c=
[
F ∗1 F
∗
2G2∂xG
∗
1 + F2G1G
∗
2∂xF1
]
+
~c
2
∂xξ2, (C7)
Ξ3(x, t) =
−~=
[
F ∗1 f1 + g
∗
1G1 +G
∗
2g2 + F2f
∗
2
]
− 2~=
[
f2F
∗
2 |F1|2 − f2G1F1G∗2 + g∗2G2|F1|2 + g∗2F2F1G1
]
+
i~c
2
∂xF2
[
2F1G1G
∗
2 + F
∗
2 |G1|2 − |F1|2F ∗2
]
+ i~c|F2|2<
[
G1∂xG
∗
1 − F1∂xF ∗1
]
+
i~c
2
∂xG2
[
2F ∗2 F
∗
1G
∗
1 + |F1|2G∗2 − |G1|2G∗2
]
+ i~c<
[
F2G1G
∗
2∂xF1 + F1F2G
∗
2∂xG1
]
+
~c
2
∂xξ1
[
2|F2|2
(|F1|2 − |G1|2)− 4<[F2F1G1G∗2]]+ ~c2 ∂xξ2[(|G2|2 − |F2|2)(|G1|2 − |F1|2)− 4<[F2F1G1G∗2]], (C8)
Ξ1(x, t) =
−~=
[
g∗2F2[G1]
2 + g∗2F
∗
1G1G2 − f∗2G2[F ∗1 ]2 − f∗2G1F2F ∗1 + g2[F ∗1 ]2F ∗2 − g2F ∗1G1G∗2 + f2G1F ∗1 F ∗2 − f2[G1]2G∗2
]
−i~c<
[
F ∗1 |F2|2∂xG1 −G∗2G1F2∂xG1 + F ∗1 F ∗2G2∂xF ∗1 +G1|F2|2∂xF ∗1
]
− i~c<
[
F ∗1G1
][
F ∗2 ∂xF2 −G∗2∂xG2
]
− i~c
2
G∗2∂xF2
(
[F1]
2 − [G1]2
)− i~c
2
F ∗2 ∂xG2
(
[F ∗1 ]
2 − [G∗1]2
)
+
~c
2
∂xξ1
[
4|F2|2<
(
G1F
∗
1
)− 2<(G∗2F2[G1]2)+ 2<(G2F ∗2 [F ∗1 ]2)]
+
~c
2
∂xξ2
[
2|F2|2<
(
G1F
∗
1
)− 2|G2|2<(G1F ∗1 )+ 2<([F1]2F2G∗2)− 2<(F2G∗2[G1]2)]− ~=[g1F ∗1 − f∗1G1], (C9)
Ξ2(x, t) =
i~c=
[
∂xG1
(|F2|2F ∗1 −G∗2G1F2)]+ i~c=[∂xF ∗1 (G2F ∗1 F ∗2 +G1|F2|2)]+ ~c2 ∂xF2[2iF ∗2 =(F ∗1G1)−G∗2[F1]2 −G∗2[G1]2]
+
~c
2
∂xG2
[
− 2iG∗2=
(
F ∗1G1
)
+ F ∗2
(
[F ∗1 ]
2 + [G∗1]
2
)]− ~<[g1F ∗1 − f∗1G1 + g∗2F2[G1]2 + g∗2F ∗1G1G2 − f∗2G2[F ∗1 ]2
−f∗2G1F2F ∗1 + g2F ∗2 [F ∗1 ]2 − g2F ∗1G1G∗2 + f2G1F ∗1 F ∗2 − f2[G1]2G∗2
]
− ~c∂xξ1
[
2|F2|2=
(
G1F
∗
1
)
+ =(G2F ∗2 [F ∗1 ]2 −G∗2F2[G1]2)]
−~c∂xξ2
[(|F2|2 − |G2|2)=(G1F ∗1 )+ =(G2F ∗2 [F ∗1 ]2 − F2G∗2[G1]2)], (C10)
Θ3(x, t) = −
[
|F2|2|G1|2 − |F2|2|F1|2 + 2<{F1F2G1G∗2}
]
,
Θ1(x, t) = <
[
2|F2|2G∗1F1 − F ∗2G2[G∗1]2 + F2[F1]2G∗2
]
,
Θ2(x, t) = =
[
2|F2|2G∗1F1 − F ∗2G2[G∗1]2 + F2[F1]2G∗2
]
. (C11)
Appendix D: Calculating the modified Evolution Operator for the two-particle case
Here we will calculate the modified evolution operator U two(t, τ) in section VIII parts by parts.
1. The matrix elements of the operator
[
S1+ ⊗ S2+
] · C2(t, τ) in coin-basis
In coin basis the matrix elements of the operator
[
S1+ ⊗ S2+
] · Cj(t, τ) (the suffixes “i, j” used in the next calculations to denote the
row, column numbers respectively of matrix in coin-basis )—
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([
S1+ ⊗ S2+
] · C2(t, τ))
i=1,j=1
=
∑
x1,x2
cos[θ2(x1, x2, t, τ)] |x1 + a, x2 + a〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=1,j=4
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] |x1 + a, x2 + a〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=2,j=2
=
∑
x1,x2
cos[θ2(x1, x2, t, τ)] |x1 + a, x2〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=2,j=3
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] |x1 + a, x2〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=3,j=2
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] |x1, x2 + a〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=3,j=3
=
∑
x1,x2
cos[θ2(x1, x2, t, τ)] |x1, x2 + a〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=4,j=1
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| ,([
S1+ ⊗ S2+
] · C2(t, τ))
i=4,j=4
=
∑
x1,x2
cos[θ2(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| . (D1)
All the other matrix elements of the operator
[
S1+ ⊗ S2+
] · C2(t, τ) zeros.
2. The matrix elements of the operator
[
S1− ⊗ S2−
] · C1(t, τ) in coin-basis
([
S1− ⊗ S2−
] · C1(t, τ))
i=1,j=1
=
∑
x1,x2
cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=1,j=4
= −i
∑
x1,x2
sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=2,j=2
=
∑
x1,x2
cos[θ1(x1, x2, t, τ)] |x1, x2 − a〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=2,j=3
= −i
∑
x1,x2
sin[θ1(x1, x2, t, τ)] |x1, x2 − a〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=3,j=2
= −i
∑
x1,x2
sin[θ1(x1, x2, t, τ)] |x1 − a, x2〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=3,j=3
=
∑
x1,x2
cos[θ1(x1, x2, t, τ)] |x1 − a, x2〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=4,j=1
= −i
∑
x1,x2
sin[θ1(x1, x2, t, τ)] |x1 − a, x2 − a〉 〈x1, x2| ,([
S1− ⊗ S2−
] · C1(t, τ))
i=4,j=4
=
∑
x1,x2
cos[θ1(x1, x2, t, τ)] |x1 − a, x2 − a〉 〈x1, x2| . (D2)
All the other matrix elements of the operator
[
S1− ⊗ S2−
] · C1(t, τ) are zeros.
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3. The matrix elements of the operator
[
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ) in coin-basis
a. First row first column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=1
=
∑
x1,x2
cos[θ2(x1, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1 + a, x2 + a〉 〈x1, x2|
− sin[θ2(x1 − a, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
=
∑
x1,x2
cos[θ2(x1 − a, x2 − a, t, τ)] cos[θ1(x1 − a, x2 − a, t, τ)] |x1, x2〉 〈x1, x2| e−
i(pˆ1⊗I2+I1⊗pˆ2)a
~
− sin[θ2(x1 − a, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| (D3)
= − ia
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] cos[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
+
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0)− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− sin[θ1(x1, x2, t, 0)]
(
− a∂x1θ1(x1, x2, t, 0)− a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
−
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0)− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + τϑ1(x1, x2, t, 0) cos[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|+O(τ2). (D4)
b. First row fourth column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=4
= −i
∑
x1,x2
cos[θ2(x1, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1 + a, x2 + a〉 〈x1, x2|
+ sin[θ2(x1 − a, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
= −i
∑
x1,x2
cos[θ2(x1 − a, x2 − a, t, τ)] sin[θ1(x1 − a, x2 − a, t, τ)] |x1, x2〉 〈x1, x2| e−
i(pˆ1⊗I2+I1⊗pˆ2)a
~
+ sin[θ2(x1 − a, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| (D5)
= −a
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] sin[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0)− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + cos[θ1(x1, x2, t, 0)]
(
− a∂x1θ1(x1, x2, t, 0)− a∂x1θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0)− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− τϑ1(x1, x2, t, 0) sin[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|+O(τ2). (D6)
c. Second row second column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=2
=
∑
x1,x2
cos[θ2(x1, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1 + a, x2 − a〉 〈x1, x2| − sin[θ2(x1 − a, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
=
∑
x1,x2
cos[θ2(x1 − a, x2, t, τ)] cos[θ1(x1 − a, x2 + a, t, τ)] |x1, x2〉 〈x1, x2| e−
i(pˆ1⊗I2−I1⊗pˆ2)a
~
− sin[θ2(x1 − a, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
(D7)
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= − ia
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] cos[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− sin[θ1(x1, x2, t, 0)]
(
− a∂x1θ1(x1, x2, t, 0) + a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
−
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + τϑ1(x1, x2, t, 0) cos[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|+O(τ2). (D8)
d. Second row third column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=3
= −i
∑
x1,x2
cos[θ2(x1, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1 + a, x2 − a〉 〈x1, x2|+ sin[θ2(x1 − a, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
= −i
∑
x1,x2
cos[θ2(x1 − a, x2, t, τ)] sin[θ1(x1 − a, x2 + a, t, τ)]
]
|x1, x2〉 〈x1, x2| e−
i(pˆ1⊗I2−I1⊗pˆ2)a
~
+ sin[θ2(x1 − a, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
(D9)
= −a
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] sin[θ1(x1, x2, t, 0)]
]
|x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + cos[θ1(x1, x2, t, 0)]
(
− a∂x1θ1(x1, x2, t, 0) + a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x1θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− τϑ1(x1, x2, t, 0) sin[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|+O(τ2). (D10)
e. Third row second column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=2
= −i
∑
x1,x2
sin[θ2(x1, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|+ cos[θ2(x1 − a, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1 − a, x2 + a〉 〈x1, x2|
= −i
∑
x1,x2
sin[θ2(x1, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
+ cos[θ2(x1, x2 − a, t, τ)] sin[θ1(x1 + a, x2 − a, t, τ)] |x1, x2〉 〈x1, x2| e
i(pˆ1⊗I2−I1⊗pˆ2)a
~
(D11)
= −i
∑
x1,x2
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− τϑ1(x1, x2, t, 0) sin[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|
+
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + cos[θ1(x1, x2, t, 0)]
(
a∂x1θ1(x1, x2, t, 0)− a∂x2θ1(x1 + a, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
a
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] sin[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2) +O(τ2). (D12)
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f. Third row third column element
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=3
= −
∑
x1,x2
sin[θ2(x1, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| − cos[θ2(x1 − a, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1 − a, x2 + a〉 〈x1, x2|
= −
∑
x1,x2
sin[θ2(x1, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
+
∑
x1,x2
cos[θ2(x1, x2 − a, t, τ)] cos[θ1(x1 + a, x2 − a, t, τ)] |x1, x2〉 〈x1, x2| e
i(pˆ1⊗I2−I1⊗pˆ2)a
~
(D13)
= −
∑
x1,x2
{
sin[θ2(x1, x2, t, 0)] + cos[θ2(x1, x2, t, 0)]
(
− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
sin[θ1(x1, x2, t, 0)] + τϑ1(x1, x2, t, 0) cos[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|
+
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]− sin[θ2(x1, x2, t, 0)]
(
− a∂x2θ2(x1, x2, t, 0) + τϑ2(x1, x2, t, 0)
)}
{
cos[θ1(x1, x2, t, 0)]− sin[θ1(x1, x2, t, 0)]
(
a∂x1θ1(x1, x2, t, 0)− a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
ia
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] cos[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2) +O(τ2). (D14)
g. Fourth row first column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=1
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|+ cos[θ2(x1 − a, x2 − a, t, τ)] sin[θ1(x1, x2, t, τ)] |x1 − a, x2 − a〉 〈x1, x2|
= −i
∑
x1,x2
sin[θ2(x1, x2, t, τ)] cos[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
+ cos[θ2(x1, x2, t, τ)] sin[θ1(x1 + a, x2 + a, t, τ)] |x1, x2〉 〈x1, x2| e
i(pˆ1⊗I2+I1⊗pˆ2)a
~
(D15)
= −i
∑
x1,x2
{
sin[θ2(x1, x2, t, 0)] + τϑ2(x1, x2, t, 0) cos[θ2(x1, x2, t, 0)]
}
{
cos[θ1(x1, x2, t, 0)]− τϑ1(x1, x2, t, 0) sin[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|
+
{
cos[θ2(x1, x2, t, 0)]− τϑ2(x1, x2, t, 0) sin[θ2(x1, x2, t, 0)]
}
{
sin[θ1(x1, x2, t, 0)] + cos[θ1(x1, x2, t, 0)]
(
a∂x1θ1(x1, x2, t, 0) + a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
a
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] sin[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2) +O(τ2). (D16)
h. Fourth row fourth column term
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=4
= −
∑
x1,x2
sin[θ2(x1, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2| − cos[θ2(x1 − a, x2 − a, t, τ)] cos[θ1(x1, x2, t, τ)] |x1 − a, x2 − a〉 〈x1, x2|
= −
∑
x1,x2
sin[θ2(x1, x2, t, τ)] sin[θ1(x1, x2, t, τ)] |x1, x2〉 〈x1, x2|
− cos[θ2(x1, x2, t, τ)] cos[θ1(x1 + a, x2 + a, t, τ)] |x1, x2〉 〈x1, x2| e
i(pˆ1⊗I2+I1⊗pˆ2)a
~
(D17)
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= −
∑
x1,x2
{
sin[θ2(x1, x2, t, 0)] + τϑ2(x1, x2, t, 0) cos[θ2(x1, x2, t, 0)]
}
{
sin[θ1(x1, x2, t, 0)] + τϑ1(x1, x2, t, 0) cos[θ1(x1, x2, t, 0)]
}
|x1, x2〉 〈x1, x2|
−
{
cos[θ2(x1, x2, t, 0)]− τϑ2(x1, x2, t, 0) sin[θ2(x1, x2, t, 0)]
}
{
cos[θ1(x1, x2, t, 0)]− sin[θ1(x1, x2, t, 0)]
(
a∂x1θ1(x1, x2, t, 0) + a∂x2θ1(x1, x2, t, 0) + τϑ1(x1, x2, t, 0)
)}
|x1, x2〉 〈x1, x2|
+
ia
~
∑
x1,x2
cos[θ2(x1, x2, t, 0)] cos[θ1(x1, x2, t, 0)] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2) +O(τ2). (D18)
All the other matrix elements of the operator
[
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ) are zeros.
4. The matrix elements of the operator [Utwo(t, 0)]† = C†1(t, 0) · C†2(t, 0) in coin basis
Here we have considered that the shift operators become the identity operator when τ goes to zero.
(
C†1(t, 0) · C†2(t, 0)
)
=
∑
x1,x2
{
cos[θ2(x1, x2, t, 0)]σ0 ⊗ σ0 + i sin[θ2(x1, x2, t, 0)]σ1 ⊗ σ1
}
{
cos[θ1(x1, x2, t, 0)]σ0 ⊗ σ0 + i sin[θ1(x1, x2, t, 0)]σ1 ⊗ σ1
}
|x1, x2〉 〈x1, x2|
=
∑
x1,x2
{
cos[θ2(x1, x2, t, 0) + θ1(x1, x2, t, 0)]σ0 ⊗ σ0 + i sin[θ1(x1, x2, t, 0) + θ2(x1, x2, t, 0)]σ1 ⊗ σ1
}
|x1, x2〉 〈x1, x2| . (D19)
5. The matrix elements of the operator U two(t, τ) in the coin-basis
From this section, for notational convenience, we will denote θj(x1, x2, t, 0) by θj and ϑj(x1, x2, t) by ϑj for all j = 1, 2.
a. First row first column element in coin-basis
U two00 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=1,j=1
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=1
+
(
C†1(t, 0) · C†2(t, 0)
)
i=1,j=4
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=1
(D20)
=
∑
x1,x2
cos[θ2 + θ1] |x1, x2〉 〈x1, x2|[
− ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2) +
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}
{
cos[θ1]− sin[θ1]
(
− a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2| −
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}
{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
]
+ i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− i
∑
x1,x2
{
sin[θ2] + τϑ2 cos[θ2]
}
{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|+
{
cos[θ2]− τϑ2 sin[θ2]
}{
sin[θ1] + cos[θ1]
(
a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
a
~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
]
+O(τ2) (D21)
=⇒
U two00 (t, τ)−
∑
x1,x2
|x1, x2〉 〈x1, x2| = − ia~
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
+
a
2
∑
x1,x2
sin[2θ1 + 2θ2]
[
∂x1θ2 + ∂x2θ2
]
|x1, x2〉 〈x1, x2|+ a
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]
[
∂x1θ1 + ∂x2θ1
]
|x1, x2〉 〈x1, x2|+O(τ2). (D22)
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b. First row fourth column element in coin-basis
U two03 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=1,j=1
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=4
+
(
C†1(t, 0) · C†2(t, 0)
)
i=1,j=4
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=4
(D23)
=
∑
x1,x2
cos[θ2 + θ1] |x1, x2〉 〈x1, x2|
[
− a
~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
sin[θ1] + cos[θ1]
(
− a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|
]
+ i
∑
x1,x2
sin[θ2 + θ1] |x1, x2〉 〈x1, x2|[
−
∑
x1,x2
{
sin[θ2] + τϑ2 cos[θ2]
}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2| −
{
cos[θ2]− τϑ2 sin[θ2]
}
{
cos[θ1]− sin[θ1]
(
a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|+ ia~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
]
+O(τ2)
(D24)
=⇒
U two03 (t, τ) = −
a
~
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2) + ai
∑
x1,x2
cos2[θ1 + θ2]
[
∂x1θ2 + ∂x2θ2
]
|x1, x2〉 〈x1, x2|
+ai
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]
[
∂x1θ1 + ∂x2θ1
]
|x1, x2〉 〈x1, x2| − iτ
∑
x1,x2
[
ϑ2 + ϑ1
]
|x1, x2〉 〈x1, x2|+O(τ2).
(D25)
c. Second row second column element in coin basis
U two11 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=2,j=2
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=2
+
(
C†1(t, 0) · C†2(t, 0)
)
i=2,j=3
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=2
(D26)
=
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 + τϑ2
)}{
cos[θ1]− sin[θ1]
(
− a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
−
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 + τϑ2
)}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
]
+ i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|[
− i
∑
x1,x2
{
sin[θ2] + cos[θ2]
(
− a∂x2θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|+
{
cos[θ2]− sin[θ2]
(
− a∂x2θ2 + τϑ2
)}
{
sin[θ1] + cos[θ1]
(
a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|+ a~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
]
+O(τ2) (D27)
=⇒
U two11 (t, τ)−
∑
x1,x2
|x1, x2〉 〈x1, x2| = − ia~
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+
a
2
∑
x1,x2
sin[2θ1 + 2θ2]
[
∂x1θ2 − ∂x2θ2)
]
|x1, x2〉 〈x1, x2|+ a
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]
[
∂x1θ1 − ∂x2θ1
]
|x1, x2〉 〈x1, x2|+O(τ2). (D28)
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d. Second row third column element in coin basis
U two12 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=2,j=2
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=3
+
(
C†1(t, 0) · C†2(t, 0)
)
i=2,j=3
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=3
(D29)
=
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− a
~
∑
x1,x2
cos[θ2] sin[θ1]
]
|x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 + τϑ2
)}{
sin[θ1] + cos[θ1]
(
− a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|
]
+i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
−
∑
x1,x2
{
sin[θ2] + cos[θ2]
(
− a∂x2θ2 + τϑ2
)}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
+
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x2θ2 + τϑ2
)}{
cos[θ1]− sin[θ1]
(
a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
]
+O(τ2) (D30)
=⇒
U two12 (t, τ) = −
a
~
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+ai
∑
x1,x2
[
cos2[θ1 + θ2]∂x1θ2 + sin
2[θ1 + θ2]∂x2θ2
]
|x1, x2〉 〈x1, x2|+ ai
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]
[
∂x1θ1 − ∂x2θ1
]
|x1, x2〉 〈x1, x2|
−iτ
∑
x1,x2
[
ϑ1 + ϑ2
]
|x1, x2〉 〈x1, x2|+O(τ2). (D31)
e. Third row second column element in coin basis
U two21 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=3,j=2
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=2
+
(
C†1(t, 0) · C†2(t, 0)
)
i=3,j=3
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=2
(D32)
= i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 + τϑ2
)}{
cos[θ1]− sin[θ1]
(
− a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
−
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 + τϑ2
)}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
]
+
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|[
− i
∑
x1,x2
{
sin[θ2] + cos[θ2]
(
− a∂x2θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|+
{
cos[θ2]− sin[θ2]
(
− a∂x2θ2 + τϑ2
)}
{
sin[θ1] + cos[θ1]
(
a∂x1θ1 − a∂x2θ1(x1 + a, x2, t, 0) + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
a
~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
]
+O(τ2) (D33)
=⇒
37
U two21 (t, τ) =
a
~
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+ai
∑
x1,x2
[
sin2[θ1 + θ2]∂x1θ2 + cos
2[θ1 + θ2]∂x2θ2
]
|x1, x2〉 〈x1, x2| − ia
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]
[
∂x1θ1 − ∂x2θ1
]
|x1, x2〉 〈x1, x2|
−iτ
∑
x1,x2
[
ϑ1 + ϑ2
]
|x1, x2〉 〈x1, x2|+O(τ2). (D34)
f. Third row third column element in coin basis
U two22 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=3,j=2
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=2,j=3
+
(
C†1(t, 0) · C†2(t, 0)
)
i=3,j=3
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=3,j=3
(D35)
= i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− a
~
∑
x1,x2
cos[θ2] sin[θ1]
]
|x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 + τϑ2
)}{
sin[θ1] + cos[θ1]
(
− a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|
]
+
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|[
−
∑
x1,x2
{
sin[θ2] + cos[θ2]
(
− a∂x2θ2 + τϑ2
)}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|+
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x2θ2 + τϑ2
)}
{
cos[θ1]− sin[θ1]
(
a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|+ ia~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
]
+O(τ2)
(D36)
=⇒
U two22 (t, τ)−
∑
x1,x2
|x1, x2〉 〈x1, x2| = ia~
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 − I1 ⊗ pˆ2)
+
a
2
∑
x1,x2
sin[2θ1 + 2θ2]
[
∂x2θ2 − ∂x1θ2
]
|x1, x2〉 〈x1, x2|+ a
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]
[
∂x2θ1 − ∂x1θ1
]
|x1, x2〉 〈x1, x2|+O(τ2). (D37)
g. Fourth row first column element in coin basis
U two30 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=4,j=1
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=1
+
(
C†1(t, 0) · C†2(t, 0)
)
i=4,j=4
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=1
(D38)
= i
∑
x1,x2
sin[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
+
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
cos[θ1]− sin[θ1]
(
− a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
−
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
]
+
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
− i
∑
x1,x2
{
sin[θ2] + τϑ2 cos[θ2]
}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|
+
{
cos[θ2]− τϑ2 sin[θ2]
}{
sin[θ1] + cos[θ1]
(
a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
a
~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
]
+O(τ2) (D39)
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=⇒
U two30 (t, τ) =
a
~
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2) + ia
∑
x1,x2
sin2[θ1 + θ2]
[
∂x1θ2 + ∂x2θ2
]
|x1, x2〉 〈x1, x2|
−ia
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]
[
∂x1θ1 + ∂x2θ1
]
|x1, x2〉 〈x1, x2| − iτ
∑
x1,x2
[
ϑ1 + ϑ2
]
|x1, x2〉 〈x1, x2|+O(τ2).
(D40)
h. Fourth row fourth column element in coin basis
U two33 (t, τ) =
(
C†1(t, 0) · C†2(t, 0)
)
i=4,j=1
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=1,j=4
+
(
C†1(t, 0) · C†2(t, 0)
)
i=4,j=4
·
([
S1+ ⊗ S2+
] · C2(t, τ) · [S1− ⊗ S2−] · C1(t, τ))
i=4,j=4
(D41)
= i
∑
x1,x2
sin[θ1(x1, x2, t, 0) + θ2(x1, x2, t, 0)] |x1, x2〉 〈x1, x2|
[
− a
~
∑
x1,x2
cos[θ2] sin[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
−i
∑
x1,x2
{
cos[θ2]− sin[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
sin[θ1] + cos[θ1]
(
− a∂x1θ1 − a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
{
sin[θ2] + cos[θ2]
(
− a∂x1θ2 − a∂x2θ2 + τϑ2
)}{
cos[θ1]− τϑ1 sin[θ1]
}
|x1, x2〉 〈x1, x2|
]
+
∑
x1,x2
cos[θ1 + θ2] |x1, x2〉 〈x1, x2|
[
−
∑
x1,x2
{
sin[θ2] + τϑ2 cos[θ2]
}{
sin[θ1] + τϑ1 cos[θ1]
}
|x1, x2〉 〈x1, x2|
−
{
cos[θ2]− τϑ2 sin[θ2]
}{
cos[θ1]− sin[θ1]
(
a∂x1θ1 + a∂x2θ1 + τϑ1
)}
|x1, x2〉 〈x1, x2|
+
ia
~
∑
x1,x2
cos[θ2] cos[θ1] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
]
+O(τ2) (D42)
=⇒
U two33 (t, τ)−
∑
x1,x2
|x1, x2〉 〈x1, x2| = ia~
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| (pˆ1 ⊗ I2 + I1 ⊗ pˆ2)
−a
2
∑
x1,x2
sin[2θ1 + 2θ2]
[
∂x1θ2 + ∂x2θ2
]
|x1, x2〉 〈x1, x2| − a
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]
[
∂x1θ1 + ∂x2θ1
]
|x1, x2〉 〈x1, x2|+O(τ2). (D43)
Appendix E: Deriving the Effective Two-particle Hamiltonian
Using the definition:
U two(t, τ) = (σ0 ⊗ σ0)⊗
∑
x1,x2
|x1, x2〉 〈x1, x2| − iτ~ H
two
eff +O(τ2) (E1)
we get
Htwoeff = limτ→0
i~
τ
[
U two(t, τ)− (σ0 ⊗ σ0)⊗
∑
x1,x2
|x1, x2〉 〈x1, x2|
]
=
3∑
r1,r2=0
(σr1 ⊗ σr2 )⊗
∑
x1,x2
Ξr1r2 (x1, x2, t) |x1, x2〉 〈x1, x2|+ c
3∑
r1,r2=0
(σr1 ⊗ σr2 )⊗
∑
x1,x2
Θ1r1r2 (x1, x2, t) |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2
+ c
3∑
r1,r2=0
(σr1 ⊗ σr2 )⊗
∑
x1,x2
Θ2r1r2 (x1, x2, t) |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2. (E2)
where
∑
x1,x2
Ξ00(x1, x2, t) |x1, x2〉 〈x1, x2| = lim
τ→0
i~
4τ
[
U two00 (t, τ) +U
two
11 (t, τ) +U
two
22 (t, τ) +U
two
33 (t, τ)− 4
∑
x1,x2
|x1, x2〉 〈x1, x2|
]
= 0, (E3)
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∑
x1,x2
Ξ03(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ203(x1, x2, t) |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2 = lim
τ→0
i~
4τ
[
U two00 (t, τ)−U two11 (t, τ) +U two22 (t, τ)−U two33 (t, τ)
]
= c
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2 + i~c
2
∑
x1,x2
sin[2θ1 + 2θ2]∂x2θ2 |x1, x2〉 〈x1, x2|
+i~c
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]∂x2θ1 |x1, x2〉 〈x1, x2| ,
(E4)
∑
x1,x2
Ξ30(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ130(x1, x2, t) |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2 = lim
τ→0
i~
4τ
[
U two00 (t, τ) +U
two
11 (t, τ)−U two22 (t, τ)−U two33 (t, τ)
]
= c
∑
x1,x2
cos[θ2] cos[2θ1 + θ2] |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2 + i~c
2
∑
x1,x2
sin[2θ1 + 2θ2]∂x1θ2 |x1, x2〉 〈x1, x2|
+i~c
∑
x1,x2
cos[θ2] sin[2θ1 + θ2]∂x1θ1 |x1, x2〉 〈x1, x2| ,
(E5)
∑
x1,x2
Ξ33(x1, x2, t) |x1, x2〉 〈x1, x2| = lim
τ→0
i~
4τ
[
U two00 (t, τ)−U two11 (t, τ)−U two22 (t, τ) +U two33 (t, τ)
]
= 0, (E6)
∑
x1,x2
Ξ11(x1, x2, t) |x1, x2〉 〈x1, x2| = lim
τ→0
i~
4τ
[
U two03 (t, τ) +U
two
12 (t, τ) +U
two
21 (t, τ) +U
two
30 (t, τ)
]
= −~c
2
∑
x1,x2
[
∂x1θ2 + ∂x2θ2
]
|x1, x2〉 〈x1, x2|+ ~
∑
x1,x2
[
ϑ1 + ϑ2
]
|x1, x2〉 〈x1, x2| , (E7)
∑
x1,x2
Ξ12(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ212(x1, x2, t) |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2
= − lim
τ→0
~
4τ
[
U two03 (t, τ)−U two12 (t, τ) +U two21 (t, τ)−U two30 (t, τ)
]
= c
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2
− i~c
2
∑
x1,x2
cos[2θ1 + 2θ2]∂x2θ2 |x1, x2〉 〈x1, x2| − i~c
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]∂x2θ1 |x1, x2〉 〈x1, x2| , (E8)
=
∑
x1,x2
Ξ21(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ121(x1, x2, t) |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2
= − lim
τ→0
~
4τ
[
U two03 (t, τ) +U
two
12 (t, τ)−U two21 (t, τ)−U two30 (t, τ)
]
= c
∑
x1,x2
cos[θ2] sin[2θ1 + θ2] |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2
− i~c
2
∑
x1,x2
cos[2θ1 + 2θ2]∂x1θ2 |x1, x2〉 〈x1, x2| − i~c
∑
x1,x2
cos[θ2] cos[2θ1 + θ2]∂x1θ1 |x1, x2〉 〈x1, x2| , (E9)
∑
x1,x2
Ξ22(x1, x2, t) |x1, x2〉 〈x1, x2| = lim
τ→0
i~
4τ
[
−U two03 (t, τ) +U two12 (t, τ) +U two21 (t, τ)−U two30 (t, τ)
]
= 0. (E10)
All other Ξr1r2 (x1, x2, t), Θ
1
r1r2
(x1, x2, t), Θ2r1r2 (x1, x2, t) are zero for all position and time steps x1, x2, t.
Therefore, in this case the effective two-particle Hamiltonian looks like
Htwoeff =
∑
x1,x2
(σ0 ⊗ σ3)⊗ Ξ03(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ203(x1, x2, t) |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2 + (σ3 ⊗ σ0)⊗ Ξ30(x1, x2, t) |x1, x2〉 〈x1, x2|
+cΘ130(x1, x2, t) |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2 + (σ1 ⊗ σ2)⊗ Ξ12(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ212(x1, x2, t) |x1, x2〉 〈x1, x2| I1 ⊗ pˆ2
+(σ2 ⊗ σ1)⊗ Ξ21(x1, x2, t) |x1, x2〉 〈x1, x2|+ cΘ121(x1, x2, t) |x1, x2〉 〈x1, x2| pˆ1 ⊗ I2 + (σ1 ⊗ σ1)⊗ Ξ11(x1, x2, t) |x1, x2〉 〈x1, x2| .
(E11)
